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Zusammenfassung
Viele QCD Präzisionsstudien an ElektronPositronBeshleunigern beruhen auf Mes-
sungen des Wirkungsquershnittes der Produktion von drei Jets und verwandten Ob-
servablen, die von der spezishen Geometrie eines Ereignisses abhängen (Event-Shape-
Observable). Die Abweihung von einer Zwei-Jet-Konguration ist proportional zur
starken Kopplungskonstanten αs, so dass man durh den Vergleih der gemessenen mit
der theoretish vorhergesagten Produktionsrate von drei Jets αs bestimmen kann.
Erst kürzlih sind die Korrekturen zu diesen Observablen in zweiter Ordnung QCD-
Störungstheorie veröentliht worden. Da auf diesem Niveau der theoretishen Un-
siherheit auh elektroshwahe Eekte eine Rolle spielen, berehnen wir die elek-
troshwahen Korrekturen zur Produktion von drei Jets und verwandten Event-Shape-
Observablen in der Ordnung α3αs. Wir benutzen das Komplexe-Masse-Shema auf Ein-
Shleifen-Niveau und berüksihtigen Eekte, die durh Korrekturen höherer Ordnung
im Eingangszustand entstehen, indem wir geeignete Strukturfunktionen verwenden.
Wir legen besonderen Wert auf die korrekte Behandlung der experimentellen Krite-
rien zur Photonisolierung, die einen Shnitt auf Ereignisse, in denen Photonen mehr als
einen bestimmten Anteil an der Jetenergie tragen, beinhalten. Deshalb beziehen wir
die Fragmentationsfunktion des Photons in unsere Rehnung mit ein, um so siher zu
stellen, dass alle von uns betrahteten Observablen infrarot siher sind.
Die experimentell gemessenen Event-Shape-Observablen und Jet-Raten sind auf den
totalen hadronishen Wirkungsquershnitt σhad normiert. Deshalb berehnen wir auh
die Ein-Shleifen elektroshwahen Korrekturen zu σhad und benutzen dabei die gleihen
Kriterien zur Ereignisauswahl wie in der Berehnung der Jet-Raten und Event-Shape-
Observablen.
Wir nden Korrekturen zu den Jet-Raten und Event-Shape-Observablen für En-
ergien zwishen MZ und 500GeV auf dem Niveau von einem Prozent. Sie sind do-
miniert von Eekten, die durh Photonabstrahlung im Eingangszustand hervorgerufen
werden, während die rein elektroshwahen Korrekturen sih im Bereih von einem
Promille benden. Die Form der dierentiellen Verteilungen hängt sehr stark von den
Parametern der Ereignisauswahl ab. Deshalb ist es unumgänglih in der perturbativen
Rehnung und den experimentellen Analysen dieselben Kriterien der Ereignisauswahl
zu benutzen.
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Abstrat
Many preision QCD studies at eletronpositron olliders rely on the measurements of
the three-jet prodution ross setion and related event-shape observables. The devia-
tion from simple two-jet ongurations is proportional to the strong oupling onstant
αs so that by omparing the measured three-jet rate and related event shapes with the
theoretial preditions one an determine αs.
Reently, results for the next-to-next-to-leading-order QCD orretions to these ob-
servables have beome available. Sine at this level of preision eletroweak eets also
beome important, we ompute the eletroweak O(α3αs) orretions to three-jet pro-
dution and related event-shape observables. We employ the omplex-mass sheme at
one-loop and onsistently inorporate higher-order initial-state-radiation eets using
a struture-funtion approah.
We put speial emphasis on properly aounting for the experimental photon-isolation
riteria whih inlude a ut on events where photons arry more than a ertain per-
entage of the jet energy. Therefore we have to inorporate the photon fragmentation
funtion, to ensure that all onsidered observables are infrared safe.
Experimentally measured event-shape distributions and jet rates are normalised to
the total hadroni ross setion σhad. Hene, we also ompute the next-to-leading-order
eletroweak orretions to σhad using the same event-seletion uts as in the alulation
of event-shape distributions and jet rates.
Corretions to the three-jet rate and to normalised event-shape distributions turn
out to be at the few-per-ent level for energies betweenMZ and 500GeV. They are dom-
inated by the initial-state-radiation ontribution, while the purely weak ontribution
is typially at the per-mille level. The shape of the dierential distributions strongly
depends on the values of the parameters used in the event seletion. It is therefore
mandatory to use the same event-seletion riteria in the perturbative alulation and
in experimental analyses when omparing theoretial preditions to data.
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Introdution
The Standard Model of partile physis (SM) provides a very suessful desription of
the nature of the fundamental interations among elementary partiles. Mathematially
it an be represented by a loal SU(3)C ⊗ SU(2)L ⊗U(1)Y gauge theory.
Quantum Chromodynamis (QCD) is a dynamial desription of the strong inter-
ation, whih for example is responsible for the binding of quarks and gluons inside
the proton and neutron. Its theoretial foundation is desribed in Refs. [14℄, using
a loal SU(3)C gauge theory. The fundamental building bloks are spin-1/2 fermions
alled quarks, and spin-1 gauge bosons alled gluons. First experimental evidene for
the quarks has been found in deep-inelasti sattering experiments at SLAC, and the
gluons have been identied in three-jet events at PETRA.
In the eletroweak part of the SM the eletromagneti and weak interations are
unied in the framework of an SU(2)L⊗U(1)Y gauge theory. The matter elds, i.e. the
quarks and leptons, are organised in families, where the left-handed fermions transform
as doublets and the right-handed fermions as singlets under SU(2)L. The vetor bosons
W±,Z, γ, whih mediate the interations, an be inorporated through the mehanism
of minimal oupling to the matter elds [57℄. It has been shown in [810℄ that gauge
theories, where anomalies anel among the matter elds, are renormalizable, leading
to well-dened physial observables even at the quantum level.
Major triumphs of the SM were the disovery of the W and Z bosons at the SPS
at CERN in 1983, the disovery of the top quark at the Tevatron at Fermilab in 1995,
and the veriation of the theory at the quantum level through experiments onduted
at LEP during the past 20 years. Experimentally the masses of the Z and the W
boson have been measured to be 91.2 GeV and 80.4 GeV respetively. From the pure
gauge onept however, one expets massless vetor bosons. The puzzle an be solved
by employing the Higgs-Kibble mehanism [1115℄. One introdues a salar SU(2)L
doublet eld whih ouples via minimal oupling to the vetor bosons. In this way one
breaks the gauge symmetry spontaneously and generates the masses of the vetor bosons
in a gauge-invariant way, without destroying the unitarity or the renormalizability of
the theory. The masses of the fermions are generated through Yukawa ouplings to
the Higgs eld. The ground state of the theory is shifted away from the symmetri
origin through the self-interation of the Higgs eld and hooses one of the innitely
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degenerate ground states after spontaneous symmetry breaking. The residual symmetry
orresponds to the eletromagneti U(1)EM, whih is manifest in the masslessness of the
photon. The original SU(2)L doublet has four degrees of freedom, three of whih lead
to the transverse polarisations of the massive gauge bosons. The fourth degree of
freedom orresponds to a neutral salar eld, the Higgs boson, whose mass is a free
parameter of the theory. The Higgs boson is the last partile in the SM whih has not
yet been experimentally observed. It has been intensively searhed for in the past and
its disovery is one of the main goals of the LHC.
Gravity, the fourth fundamental interation, is desribed lassially in the theory of
General Relativity [16℄. However, a formulation of gravity in a quantum theory is still
an open question. In partile physis experiments up to present day energies of a few
TeV, gravity an be negleted ompared to the strength of the other three interations.
The only free parameter of QCD is the strong oupling onstant αs. Therefore it is
of utmost importane to determine this parameter as preisely as possible.
A very lean environment for preise measurements of αs is provided by the LEP ol-
lider at entre-of-mass energies between 91 and 206 GeV. Many of those measurements
are based on event-shape observables, whih probe the struture of the hadroni nal
state. Only reently a theoretial predition at next-to-next-to leading order (NNLO)
QCD for event-shape observables has beome available and has been used for a preise
predition of αs.
In this thesis we alulate the next-to-leading order (NLO) eletroweak orretions to
jet rates and event-shape observables in e+e− annihilation, whih ould be of omparable
size to the NNLO QCD orretions. We put speial emphasis on the implementation of
the experimental uts used at LEP, where we have to inorporate the quark-to-photon
fragmentation funtion to obtain infrared-safe observables.
In the rst hapter of this work we give a brief overview of the theoretial foundations
of QCD and disuss event-shape observables at e+e− olliders and their alulation using
perturbation theory. In Chapter 2 we outline the strategy for the alulation of the
NLO eletroweak orretions, followed by a desription of the implementation of these
orretions into a Monte Carlo simulation in Chapter 3. Chapter 4 is devoted to the
presentation of the numerial results for seleted event-shape distributions. Analytial
results for the tree-level and real radiation amplitudes an be found in Appendix A.
Chapter 1
Overview
In this hapter we give a brief theoretial overview of QCD, fousing on the properties
of the strong oupling onstant αs. We also desribe how e
+e− olliders are used as
a partiularly lean experimental testing ground for QCD. Sine we are interested in
eletroweak eets, the treatment of photons in the event seletion is of partiular
importane. We onsider this issue with the example of the event-seletion proedure
employed by the ALEPH ollaboration at the LEP ollider. Furthermore we review the
onepts of jet algorithms and event-shape observables. For a more detailed aount,
see for example Refs. [17, 18℄ and referenes therein.
1.1 The theory of QCD
QCD an be desribed in the framework of a non-Abelian YangMills theory, with
SU(3) as the underlying symmetry group. The matter partiles are alled quarks and
transform under the three-dimensional fundamental representation. The gauge bosons
are alled gluons and transform under the eight-dimensional adjoint representation.
The masses of the quarks are denoted by mq, whereas beause of the gauge struture
of the theory the gluons are massless. The orresponding Lagrangian density is given
by (f. Ref. [19℄)
LQCD = −1
4
GAµνG
µν
A +
∑
q
q¯a (iγ
µDµ −mq)ab qb, (1.1)
where Greek letters denote Lorentz indies, apital Roman letters indiate group in-
dies orresponding to the adjoint representation, lower-ase Roman letters haraterise
group indies orresponding to the fundamental representation, and we sum over re-
peated indies. The quark elds are denoted by qa and the eld strength tensor G
A
µν is
given by
GAµν = ∂µG
A
ν − ∂νGAµ − gsfABCGBµGCν , (1.2)
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Figure 1.1: Partile splittings in QCD.
with GAµ being the gluon eld, f
ABC
the struture onstants of SU(3), and gs the
oupling onstant of QCD, whih determines the strength of the interation. One
usually denes
αs =
g2s
4π
. (1.3)
The last term of Eq. (1.2) leads to the self-interation of gluons, whih is due to the
fat that gluons arry olour harge, in ontrast to QED, where the photon is neutral.
It is this term that gives rise to many interesting features of the strong interations.
The ovariant derivative an be written as
(Dµ)ab = ∂µδab + igs(t
AGAµ )ab, (1.4)
whih depends on the oupling onstant gs and the generators t
A
of the fundamental
representation of SU(3). In the following we neglet the quark masses and onsider
massless QCD only.
From Eq. (1.1) we an derive Feynman rules whih enable us to perform perturbative
alulations in QCD. If we look at the individual graphs, we an get a feeling for their
relative strength. The rst graph in Fig. 1.1 shows quark pair prodution, whih ours
with relative strength αsTF nf . The seond graph represents gluon radiation o a quark,
whih ours with relative strength αsCF. In the third graph we an see the triple gluon
vertex, whose relative strength is given by αsCA. And nally the four gluon vertex in
the fourth piture, whih ours with relative strength α2sC
2
A. The onstants TF, CF,
and CA are related to the struture of the group under onsideration. For SU(3) we
nd TF = 1/2, CF = 4/3, CA = 3, and nf is given by the number of ative quark avors.
When alulating higher-order orretions to physial observables in a quantum eld
theory, one enounters divergenies whih in priniple would spoil the preditive power
of the theory. However, in renormalizable theories these divergenies an be absorbed
into the bare parameters of the Lagrangian whih dier from the physial parameters.
In Ref. [8℄ it has been shown that QCD is renormalizable. The renormalisation proe-
dure introdues an arbitrary energy sale µ at whih the renormalisation is performed,
suh that the parameters of the theory under onsideration are µ-dependent. A phys-
ial observable R, however, must not depend on the sale µ, a ondition that an be
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expressed through
µ2
dR
dµ2
= 0. (1.5)
Using the dependene of the parameters on the sale µ, we an write
µ2
d
dµ2
= µ2
∂
∂µ2
+ µ2
∂αs
∂µ2
∂
∂αs
+ µ2
∂m
∂µ2
∂
∂m
= µ2
∂
∂µ2
+ β
(
µ2
) ∂
∂αs
− γm
(
µ2
)
m
∂
∂m
, (1.6)
where m is the quark mass. The oeients β and γm are the renormalisation group
oeients, usually alled the β funtion and the anomalous mass dimension.
In the following we have a loser look at αs (µ
2) and the β funtion. If we take the
denition
β
(
αs, µ
2
)
= µ2
∂αs
∂µ2
, (1.7)
and identify the renormalisation sale µ with the typial energy sale Q2 of the onsid-
ered proess, we nd
Q2
∂αs
∂Q2
= β
(
αs, Q
2
)
, (1.8)
whih shows that αs hanges its value, i.e. `runs', with a hange in the energy sale.
The perturbative expansion of the β funtion is given by [19℄
β
(
αs, Q
2
)
= Q2
∂αs
∂Q2
= −β0α2s − β1α3s − β2α4s +O
(
α5s
)
, (1.9)
with
β0 =
1
12π
(33− 2nf) ,
β1 =
1
24π2
(153− 19nf) ,
β2 =
1
π3
(
22.320− 4.3689nf + 0.09404n2f
)
, (1.10)
where β2 is given in the MS sheme. One an integrate Eq. (1.8) to obtain
αs
(
Q2
)
=
1
β0L
− β1 lnL
β30L
2
+
1
β30L
3
[
β21
β20
(
ln2 L− lnL− 1)+ β2
β0
]
+O
(
1
L4
)
, (1.11)
where L = lnQ2/Λ2
MS
and ΛMS is the onstant of integration.
Considering the oeient β0, one an see that it is positive for nf < 17. Thus, the
strong oupling onstant dereases with inreasingQ2. It follows that quarks and gluons
behave like weakly interating partiles at high energies and a perturbative expansion
in αs an be employed. This phenomenon is alled asymptoti freedom. On the other
hand, Eq. (1.11) exhibits a pole at Q2 = Λ2
MS
, whih indiates that perturbation theory
is no longer valid for small values of Q2.
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1.2 QCD at eletronpositron olliders
After negleting the quark masses, the only free parameter of the QCD Lagrangian
given in Eq. (1.1) is gs and, derived from it, αs. Together with the hoie of the gauge
group it fully denes the properties of the theory. Over the last deades there has
been a great number of experiments dediated to the study of these properties, mostly
at partile olliders. In the following we onentrate on measurements of αs at e
+e−
olliders, where a wealth of data in the energy range from 12GeV to 206GeV has been
olleted at various experiments, allowing the detailed study of the energy dependene
of QCD. These preision studies rely on the measurement of the three-jet prodution
ross setion and related event-shape observables. The deviation from simple two-jet
ongurations is proportional to the strong oupling onstant αs. Hene, omparing
the measured three-jet rate and related event shapes (see Setions 1.2.1 and 1.2.2)
with the theoretial preditions allows the determination of αs. For further details on
the determination of the struture onstants and experiments at other olliders see for
example Ref. [19℄.
In e+e− annihilation a virtual photon or Z boson is produed, whih then deays into
fermionantifermion pairs. For the study of QCD the prodution of quarkantiquark
pairs is partiularly interesting. Sine the eletron and positron are not harged under
the strong interation, the initial state is well dened in terms of QCD and does not
interat with the nal state. Furthermore, apart from initial-state radiation of photons,
the energy of the nal state is xed.
The total hadroni ross setion σhad is given by the ross setion of the proess
e+e− → hadrons to all orders in αs, i.e. the prodution of an arbitrary number of jets in
e+e− ollisions. At leading order σhad is given by σ0, the Born level ross setion of the
proess e+e− → qq¯, whih as a funtion of the entre-of-mass energy squared s reads
σ0(s) =
4πα2
3s
[
Q2q − 2QqVeVqχ1(s) +
(
A2e + V
2
e
) (
A2q + V
2
q
)
χ2(s)
]
, (1.12)
where α is the ne struture onstant, Qq is the harge of the quark, and Vi and Ai
are the vetor and axial-vetor ouplings of partile i to the Z boson. The rst term
stems from the exhange of a photon, the third from the exhange of a Z boson, and
the seond from the photon-Z interferene. The funtions χi are given by
χ1(s) =
√
2GFM
2
Z
16πα
s (s−M2Z)
(s−M2Z)2 + Γ2ZM2Z
, χ2(s) =
2G2FM
4
Z
256π2α2
s2
(s−M2Z)2 + Γ2ZM2Z
, (1.13)
where GF is the Fermi onstant and ΓZ is the width of the Z boson. The ratio of the
total hadroni ross setion to the total ross setion for muon prodution Re+e− an
be used to study QCD while eletroweak eets are suppressed. For
√
s muh below
the Z resonane one nds
Re+e− = NC
∑
q
Q2q , (1.14)
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}
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Hadronisation
Deay
Figure 1.2: Shemati view of the hadronisation proess.
and for
√
s =MZ
Re+e− = NC
∑
q
(
A2q + V
2
q
)
(
A2µ + V
2
µ
) . (1.15)
Re+e− is a good example for a fully inlusive quantity, i.e. a quantity that makes use
of all observed momenta and does not depend on the partiular struture of the nal
state. It has been used to experimentally onrm that the number of olours is NC = 3.
In the leading-order piture, the quarkantiquark pair is produed bak-to-bak,
resulting in a two-jet struture of the event. At the next order in αs, a gluon an be
emitted from the quark or antiquark, leading to a deviation from this two-jet struture
due to the appearane of additional jets. In the next setions we explain how this
behaviour an be exploited for the measurement of αs using event-shape observables.
Due to QCD onnement, no asymptotially-free oloured objets an exist, and
therefore there has to be a transition from oloured quarks and gluons in the nal state
to olourless hadrons. This proess is alled hadronisation and annot be desribed
perturbatively. A shemati piture of hadronisation an be found in Fig. 1.2. Based
on parton shower algorithms, models to desribe the hadronisation proess have been
developed and implemented into Monte Carlo programs, whih are used to analyse the
experimental data.
A partiular feature of the multi-partile nal state in e+e− annihilation is its jet
struture, i.e. the nal state hadrons are ollimated in bundles in the diretion of
the initial parton. Based on this struture one an build observables whih an be
measured in experiments and alulated in QCD. They are usually divided into two
groups: jet observables and event-shape observables. Both types have to obey the
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Sterman-Weinberg riteria of infrared-safety. To illustrate this, onsider an observable
On(p1, . . . , pn) whih is dened using an n-partile nal state, where the momentum of
eah partile i is denoted by pi. If the observable On(p1, . . . , pn) is infrared-safe, in the
limit pi||pj (ollinear limit) or in the limit pi → 0 (soft limit) it behaves like
On(p1, . . . , pn)
p1||p2−→ On−1(p1 + p2, . . . , pn),
On(p1, . . . , pn)
E1→0−→ On−1(p2, . . . , pn). (1.16)
In the following we disuss further details of jet and event-shape observables.
1.2.1 Jet observables
A ommonly used method for reonstruting jets was originally introdued by the JADE
group [20℄. The algorithm is based on suessive ombinations. In a rst step, eah
observed partile is listed as a jet. In the next step, a resolution parameter yij is
alulated and the partile pair leading to the smallest value of yij is ombined into a
single pseudo-partile. This yields a new list of jets, and the algorithm proeeds with
step two. The proedure is repeated until there is no pair of partiles left with yij < ycut,
where ycut is a preset uto.
There exist dierent proposals in the literature in how to dene yij. The original
JADE denition is
yij,J =
2EiEj (1− cos θij)
s
, (1.17)
where Ei is the energy of the i-th partile, cos θij is the angle between the partiles,
and s is the entre-of-mass energy squared. It an be shown that hadronisation eets
are small when alulating jet rates using the above algorithm. On the other hand,
perturbative orretions are large, espeially for small ycut. Additionally, it has been
shown in [21℄ that jet frations dened in the above way do not follow the usual Sudakov
exponentiation for multiple soft-gluon emission, whih is an important ingredient for
alulations using resummation tehniques. Therefore dierent denitions of the jet
resolution parameter have been proposed, for example the kT or Durham algorithm [22℄,
whih denes
yij,D =
2min
(
E2i , E
2
j
)
(1− cos θij)
s
, (1.18)
or the Geneva algorithm Ref. [23℄ proposing
yij,G =
8
9
EiEj (1− cos θij)
(Ei + Ej)
2 . (1.19)
In addition to the hoie of jet resolution parameter, there also exist dierent ways
of ombining the four-momenta of the two partiles with the lowest yij to one four-
momentum pij. In the so-alled E-sheme one simply adds the two four-momenta,
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leading to pij = pi + pj. In the P -sheme the invariant mass of the pseudo-partile is
set to zero by resaling the energy
~pij = ~pi + ~pj ,
Eij = |~pi + ~pj|. (1.20)
In the P0-sheme Eq. (1.20) is used to onstrut the resulting four-momentum. However,
after eah reombination the entre-of-mass energy s is realulated. Finally, in the E0-
sheme the three-momentum rather than the energy is resaled. The four shemes dier
in the results for nite ycut, but yield omparable results for small ycut and an therefore
be used for resummed alulations. In Ref. [23℄ a numerial omparison of the dierent
shemes an be found.
Sine an event ontaining three jets is due to the emission of a gluon o an (anti-)quark
at a large angle and with signiant energy, the ratio of the number of observed three-
jet to two-jet events is, in leading order, proportional to the strong oupling onstant.
In general, the n-jet rate Rn(y), whih depends on the hoie of the jet resolution
parameter y = ycut, is dened through the respetive ross setions for n ≥ 2 jets
Rn(y,
√
s) =
σn−jet
σhad
, (1.21)
suh that
∞∑
n=1
Rn(y) = 1. (1.22)
1.2.2 Event-shape observables
In order to haraterise the topology of an event a large number of observables have been
developed. Most of them require at least three momenta of nal-state partiles to be
non-zero. In the following we introdue six variables whih have been extensively used
in experimental analyses: thrust T [24, 25℄, the normalised heavy-jet mass M2H/s [26℄,
the wide and total jet broadenings BW and BT [27, 28℄, the C-parameter [29, 30℄, and
the transition from three-jet to two-jet nal-state using yij,D [2123,31, 32℄.
• Thrust is dened through
T = max
~n
∑
i |~pi · ~n|∑
i |~pi|
, (1.23)
where ~pi is the three-momentum of the i-th partile, and ~n is varied to maximise
the momentum ow in its diretion. For a two-jet, bak-to-bak event, one nds
T = 1, whereas for a three-jet event the minimum value is T = 2/3.
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• Every event an be divided into two hemispheres H1 and H2 by a plane perpen-
diular to the thrust axis. In eah hemisphere Hi one an alulate the invariant
mass M2i , the larger of whih yields the heavy-jet mass
M2H = max
(
M21 ,M
2
2
)
, (1.24)
and the normalised heavy-jet mass
ρ =M2H/s, (1.25)
where s is the entre-of-mass energy squared. In the limit of a two-jet event
one nds ρ → 0, whereas for a three-jet event ρ ≤ 1/3. The heavy-jet mass
distribution is idential to the 1− T distribution for a three jet event at leading-
order.
• Using the denition of the hemispheres from above, one an alulate the hemi-
sphere broadening
Bi =
∑
j∈Hi |~pj × ~n|
2
∑
j |~pj|
. (1.26)
The wide and total jet broadenings BW and BT are then obtained through
BW = max (B1, B2) ,
BT = B1 +B2. (1.27)
In the limit of a two-jet event one nds BW → 0 and BT → 0, whereas for a
three-jet event BW = BT = 1/(2
√
3).
• Starting from the linearised momentum tensor
Θαβ =
1∑
j |~pj|
∑
j
pαj p
β
j
|~pj| , α, β = 1, 2, 3, (1.28)
and its three eigenvalues λ1, λ2, λ3, the C-parameter is dened through
C = 3 (λ1λ2 + λ2λ3 + λ3λ1) . (1.29)
• The jet transition variable Y3 is dened as the value of the jet resolution parameter
for whih an event hanges from a three-jet-like to a two-jet-like onguration.
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Figure 1.3: The proess e+e− → qq¯g.
1.2.3 Event shapes and jet rates in perturbation theory
At O(αs), the rst proess that ours at tree-level in e+e− annihilation is gluon ra-
diation o a quark or antiquark, see Fig. 1.3. As mentioned above, by omparing the
measured three-jet rate and event-shape observables with theoretial preditions, one
an determine αs.
In perturbation theory up to NNLO in QCD, the expansion of a distribution in the
generi observable y at entre-of-mass energy
√
s for renormalisation sale µ =
√
s and
αs = αs(s), normalised to σ0(s) from Eq. (1.12), is given by
1
σ0
dσ
dy
=
(αs
2π
) dA
dy
+
(αs
2π
)2 dB
dy
+
(αs
2π
)3 dC
dy
+O (α4s) . (1.30)
The experimentally measured event-shape distribution is normalised to the total hadroni
ross setion σhad, whih for massless quarks is given by
σhad = σ0
(
1 +
(αs
2π
)
K1 +
(αs
2π
)2
K2 +O
(
α3s
))
, (1.31)
suh that
1
σhad
dσ
dy
=
(αs
2π
) dA¯
dy
+
(αs
2π
)2 dB¯
dy
+
(αs
2π
)3 dC¯
dy
+O (α4s) , (1.32)
where
A¯ = A,
B¯ = B − AK1,
C¯ = C −BK1 + AK21 − AK2. (1.33)
The oeients in Eq. (1.33) up to NLO have been alulated in Refs. [3338℄. Fur-
thermore, kinematially-dominant leading and next-to-leading logarithms have been
resummed [39, 40℄ and non-perturbative models of power-suppressed hadronisation ef-
fets have been inluded [4144℄ to inrease the theoretial auray. Reently the rst
NNLO alulation has been ompleted [45℄ and the mathing of NLL and NNLL to the
xed-order NNLO alulation has been performed [4648℄.
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With regards to jet rates, xed-order alulations are known up to next-to-next-to-
next-to-leading order (N3LO) in QCD for the two-jet rate [4952℄, up to NNLO for the
three-jet rate [3338,52, 53℄, and up to NLO for the four-jet rate [5458℄.
NLO eletroweak (EW) orretions ould be of omparable magnitude as the NNLO
QCD orretions and are therefore worth further onsideration. The fatorisable EW
orretions have been alulated in Ref. [59℄ and a rst attempt for the full NLO EW
orretions has been made in Ref. [60℄.
In analogy to the QCD orretions, we write the total hadroni ross setion inlud-
ing O(α) orretions as
σhad = σ0
(
1 +
( α
2π
)
δσ,1 +O
(
α2
))
, (1.34)
and the expansion of the observable y as
1
σ0
dσ
dy
=
dA
dy
+
( α
2π
) dδγ
dy
+
( α
2π
) dδA
dy
+O (α2) , (1.35)
where the LO purely eletromagneti ontribution δγ arises from tree-level quark
antiquarkphoton (qq¯γ) nal states without a gluon.
Normalising Eq. (1.35) to σhad we nd
1
σhad
dσ
dy
=
dA
dy
+
( α
2π
)(dδγ
dy
+
dδA
dy
− dA
dy
δσ,1
)
+O (α2) . (1.36)
Hene, the full O(α) eletroweak orretions are given by
dδEW
dy
=
( α
2π
)(dδγ
dy
+
dδA
dy
− dA
dy
δσ,1
)
. (1.37)
In order to obtain a meaningful ratio, all three ontributions have to be evaluated using
the same event-seletion uts.
The EW orretions to both σhad and the distribution in y ontain large orretions
due to initial-state radiation. Sine these are universal, they partially anel in the
seond term in Eq. (1.36), leaving only a small remainder. If we want to inlude higher-
order ISR eets in both σhad and the distribution in y, this leads to
σhad = σ0
(
1 +
( α
2π
)
δσ,1 +
( α
2π
)2
δσ,≥2,LL +O
(
α3
))
, (1.38)
and
1
σ0
dσ
dy
=
dA
dy
+
( α
2π
) dδγ
dy
+
( α
2π
) dδA
dy
+
( α
2π
)2 dδA,≥2,LL
dy
+O (α3) , (1.39)
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where δσ,≥2,LL and δA,≥2,LL ontain leading-logarithmi terms proportional to αn ln
n
(
s
m2e
)
with n ≥ 2, as dened in Setion 2.3.6. In the normalised distribution this yields
1
σhad
dσ
dy
=
dA
dy
+
( α
2π
)(dδγ
dy
+
dδA
dy
− dA
dy
δσ,1
)
+
( α
2π
)2 [(dδA,≥2,LL
dy
−dA
dy
δσ,≥2,LL
)
−dδA,1,LL
dy
δσ,1,LL+
dA
dy
δ2σ,1,LL
]
+O (α3) ,
(1.40)
where δA,1,LL and δσ,1,LL denote the leading-logarithmi ontributions ontained in the
NLO results. Therefore, the higher-order leading-logarithmi orretions read
dδEW,LL
dy
=
(
dδA,≥2,LL
dy
− dA
dy
δσ,≥2,LL
)
+
(
dA
dy
δ2σ,1,LL −
dδA,1,LL
dy
δσ,1,LL
)
. (1.41)
Due to the universality of ISR, the terms in the rst and in the seond braket in
Eq. (1.41) separately anel eah other numerially.
Note that a term of the order αsα, i.e. a mixed QCDEW term, numerially leads
to a ontribution of the same size as the term α2 ln2 (s/m2e). However, suh a two-loop
term is beyond the sope of this thesis.
In the above disussion we onentrated on event-shape distributions. However, the
same proedure an be applied to the three- and four-jet rate, sine both experimentally
measured quantities are normalised to σhad.
1.2.4 Partile identiation
As already stated, one of the virtues of e+e− olliders is the preise knowledge of the
energy of the nal state. However, initial-state radiation (ISR) of photons an lead to
diulties in the determination of the total energy of the nal state. Therefore event-
seletion uts have been devised to suppress eets due to ISR. In the following we
desribe the proedure employed by the ALEPH ollaboration at LEP [61℄.
First, partiles are lustered into jets aording to the Durham algorithm with
ycut,D = 0.002. Jets where the fration of energy arried by harged hadrons is less
than 10% are identied as dominantly eletromagneti and are removed. In the next
step the remaining partiles are lustered into two jets and the visible invariant mass
Mvis of the two-jet system is alulated. Using total momentum onservation the re-
dued entre-of-mass energy s′ is alulated. The event is rejeted if s′/s < 0.81. This
two-step proedure is later referred to as hard-photon ut proedure (note that it is
alled anti-ISR ut proedure in Ref. [61℄).
Removing events where the photoni energy in a jet is higher than a ertain value
as it is done in the hard-photon uts auses potential problems when perturbatively
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alulating eletroweak orretions for proesses at e+e− olliders. There one relies
on the anellation of infrared singularities between virtual and real orretions when
alulating an infrared-safe observable. Removing events where a photon is lose to a
nal-state harged fermion leads to non-infrared-safe observables and spoils this an-
ellation in the ollinear region. A proedure to dene an infrared-safe observable in
the presene of hard-photon uts is presented at a later stage.
1.3 Goal of this thesis
In the previous setion we have seen the preision up to whih event shapes and jet rates
have been alulated, using perturbative QCD up to NNLO, resummation tehniques,
and estimates of non-perturbative eets. At this point, eletroweak orretions also
beome important in reduing theoretial unertainties and therefore deserve further
investigation.
In this thesis we alulate orretions to the proess e+e− → 3 jets at O (α3αs).
Therefore we ompute the NLO eletroweak orretions to the proess e+e− → qq¯g
and the QCD orretions to the proess e+e− → qq¯γ. Both ontributions involve the
alulation of the virtual orretions, as well as the real emission proess e+e− → qq¯gγ.
In the following we refer to the `full O (α)' orretions when we inlude the NLO
eletroweak orretions to the proess e+e− → qq¯g, the QCD orretions to the proess
e+e− → qq¯γ, and the real emission proess e+e− → qq¯gγ.
The IR singularities related to soft or ollinear photon or gluon emission in the
Bremsstrahlung proess are anelled by the orresponding singularities in the virtual
orretions, when alulating infrared-safe observables. The ase where both the photon
and the gluon beome soft or ollinear leads to a singularity whih in priniple would
be anelled by the two-loop mixed QCD and eletroweak orretions, whih we do not
onsider in this work. This singularity only ontributes to the endpoint of the respetive
distribution, typially the rst bin, and we avoid it by imposing a lower ut-o in all
distributions whih does not distort their shape outside the two-jet region.
In the alulation at hand, the photon is always treated like a parton, i.e. it enters
the jet algorithm or the alulation of event shapes. Only the hard-photon uts as
desribed in Setion 1.2.4 distinguish it from a strongly interating partile. They also
render all observables non-infrared-safe as desribed in Setion 1.2. To restore the
infrared safety of the observables, we use a fragmentation-funtion approah that fully
reovers the anellation of ollinear divergenies.
The orretions disussed above are put into a Monte Carlo program, whih an
alulate simultaneously all the event shapes and jet rates desribed in Setion 1.2.1 and
Setion 1.2.2 at arbitrary entre-of-mass energies. The program supports unpolarised,
as well as polarised eletron beams, and has the option to inlude higher-order ISR
eets.
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The event-shape distributions are usually normalised to the total hadroni ross
setion σhad, whih at the Born level is given by σ0 in Eq. (1.12). Therefore we also
alulate the NLO eletroweak orretions to the proess e+e− → qq¯, whih are imple-
mented into a Monte Carlo program, similar to the one desribed above.
Using the results mentioned above, we have all the ingredients to alulate the
oeients δEW and δEW,LL as dened in Eq. (1.37) and Eq. (1.41). These oeients
an then be used for the analysis of the LEPI and LEPII data and the determination
of the strong oupling onstant αs in the range of energies from MZ to 206 GeV.
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Chapter 2
Strategy of the Calulation
In this hapter we disuss the dierent ingredients needed for an NLO alulation of
the proess e+e− → 3 jets. We also alulate the NLO eletroweak orretions to the
proess e+e− → qq¯ to properly aount for the normalisation of the distributions as
dened in Eq. (1.37). The alulation of the NLO orretions to three-jet prodution
is more involved than the alulation of the NLO orretions to σhad. However, the
strategies we need are in priniple the same. In the following we therefore fous on the
details of the alulation of the NLO orretions to the proess e+e− → 3 jets and point
out possible dierenes when alulating the NLO orretions to the proess e+e− → qq¯.
We deompose the total ross setion for three-jet prodution aording to∫
dσ =
∫
dσe
+e−→qq¯g
Born +
∫
dσe
+e−→qq¯γ
Born
+
∫
dσe
+e−→qq¯g
virtual,EW +
∫
dσe
+e−→qq¯γ
virtual,QCD +
∫
dσe
+e−→qq¯gγ
real , (2.1)
where the rst and third terms are the Born and NLO eletroweak ontributions of
the proess e+e− → qqg, the seond and fourth terms are the Born and NLO QCD
ontributions of the proess e+e− → qqγ, and the fth term is the ontribution from
the real radiation proess e+e− → qqgγ. The virtual and real radiation orretions are
of O (α3αs) and lead to the prodution of three or four jets, when treating photons and
hadrons demoratially.
In the following setions we desribe in detail the alulation of the individual on-
tributions, starting in the rst setion with introduing our notation using the Born
ross setion as an example.
In the seond setion we give a survey of the ontributing one-loop diagrams, present
an algorithm for the analyti simpliation of the loop amplitude, desribe how we
alulate the loop integrals, motivate our hoie of renormalisation sheme, and present
a formula for the IR-singular part of the virtual orretions.
In the third setion we desribe how we approah the real emission proess, fous-
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ing on the treatment of soft and ollinear divergenies, espeially when dealing with
non-ollinear safe observables. Aording to the KLN theorem [62, 63℄, divergenies
oming from soft and/or ollinear emission of photons in the nal state anel eah
other when alulating an infrared-safe observable. Similarly, the Bloh-Nordsiek [64℄
theorem ensures the anellation of soft singularities in the initial state. We regularise
ollinear initial-state singularities with the mass of the eletron. However, in the pres-
ene of the hard-photon uts, infrared-safety is no longer given. Thus we show how we
an inorporate a fragmentation-funtion approah that allows us to dene infrared-
safe observables in the presene of these uts and restores the anellation of soft and
ollinear divergenies, whih is then arried out analytially.
2.1 Conventions and lowest-order ross setion
At the parton level we onsider the proesses
e+(k1, σ1) + e
−(k2, σ2) → q(k3, σ3) + q¯(k4, σ4), (2.2)
e+(k1, σ1) + e
−(k2, σ2) → q(k3, σ3) + q¯(k4, σ4) + g(k5, λ), (2.3)
e+(k1, σ1) + e
−(k2, σ2) → q(k3, σ3) + q¯(k4, σ4) + γ(k5, λ), (2.4)
where q an be an up, down, harm, strange, or bottom quark. The momenta ki of
the orresponding partiles as well as their heliities σi and λ are given in parentheses.
The heliities of the fermions take the values σi = 1/2, and the heliity of the gluon
or the photon assumes the values λ = ±1. The external momenta full the mass-shell
onditions k21,2 = m
2
e , k
2
3,4 = m
2
q , k
2
5 = 0. We neglet the masses of the external fermions
wherever possible and keep them only as regulators of the mass-singular logarithms.
Therefore all amplitudes vanish unless σ1 = −σ2 and σ3 = −σ4. Thus, we dene
σ = σ1 = −σ2 and σ′ = σ3 = −σ4.
For later use, the following set of kinematial invariants is introdued:
s = (k1 + k2)
2 , sij = (ki + kj)
2 , tli = (kl − ki)2 , l = 1, 2, i, j = 3, 4, 5. (2.5)
The Feynman diagrams ontributing to the proess Eq. (2.2) are shown in Fig. 2.1,
those ontributing to the proess Eq. (2.3) in Fig. 2.2, and the ones ontributing to the
proess Eq. (2.4) in Fig. 2.3.
The lowest-order partoni ross setion for the proesses given in Eqs. (2.3) and
(2.4) reads
∫
dσBorn =
1
2s
∫
dΦ3FC
∑
σ,σ′=± 1
2
λ=±1
1
4
(1 + 2P1σ)(1− 2P2σ) |Mσσ′λ0 |2Θcut (Φ3) , (2.6)
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Figure 2.1: Lowest-order diagram for e+e− → qq¯.
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Figure 2.2: Lowest-order diagrams for e+e− → qq¯g.
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Figure 2.3: Lowest-order diagrams for e+e− → qq¯γ.
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where FC is a olour fator, P1,2 are the degrees of the polarisation of the inoming e
+
and e−, Mσσ′λ0 is the Born matrix element of the respetive proess, and the integral
over the three-partile phase spae is dened by∫
dΦ3 =
(
5∏
i=3
∫
d3~ki
(2π)32k0i
)
(2π)4δ
(
k1 + k2 −
5∑
j=3
kj
)
. (2.7)
For the proess Eq. (2.4) we nd FC = 3, and for the proess Eq. (2.3) FC = 4. The
dependene of the ross setion on the event-seletion uts is reeted by Θcut (Φ3). For
the lowest-order ross setion and the virtual orretions, Θcut depends on three-partile
kinematis. It is equal to 1 if the event passes the uts and equal to 0 otherwise.
The formula orresponding to the proess Eq. (2.2) an be obtained from Eq. (2.6)
by omitting the dependene on the polarisation of photon, using only the two-partile
phase spae, and setting FC = 3. The analytial form of the Born matrix elements for
all proesses onsidered in this work an be found in Setion A.2.
2.2 Virtual orretions
We alulate the NLO EW orretions to the proesses given in Eqs. (2.2) and (2.3),
and the NLO QCD orretions to the proess given in Eq. (2.4). To this end we write∫
dσvirtual =
1
2s
∫
dΦ3FC
∑
σ,σ′=± 1
2
λ=±1
1
4
(1+2P1σ)(1−2P2σ) 2Re
[
Mσσ′λ0
(
Mσσ′λ1
)∗]
Θcut (Φ3),
(2.8)
where the notation is the same as in the previous setion andMσσ′λ1 denotes the matrix
element of the virtual orretions.
The NLO EW virtual orretions reeive ontributions from self-energy, vertex, box,
and in the ase where we have a gluon in the nal state, also pentagon diagrams.
The strutural diagrams for the proess with gluon emission ontaining the generi
ontributions of all possible vertex funtions are shown in Fig. 2.4. The strutural
diagrams for the proess without gluon emission an be obtained by taking the rst
four and the sixth diagrams of Fig. 2.4 and negleting the gluon. We do not show the
spei one-loop ontributions to the Z boson, photon, and quark self-energies (they
an be found for example in Ref. [65℄), while the spei three-point ontributions are
shown in Fig. 2.5, and the box and pentagon ontributions in Fig. 2.6.
The symbol q stands for the quarks dened in Eq. (2.3), the symbols q′ for their weak
isospin partners. Sine we neglet the masses of the external fermions wherever possible,
there are obviously no ontributions of the Higgs boson oupling to those partiles. We
do not depit diagrams whih an be obtained by reversing the harge ow of the
external quark lines in the rst six diagrams of Fig. 2.4.
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Figure 2.4: Contributions of all possible vertex funtions to e+e− → qq¯g.
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Figure 2.6: Diagrams for the γgqq¯, Zgqq¯, eeqq¯, and eeqq¯g vertex funtions.
In total we have O(200) ontributing diagrams in the 't HooftFeynman gauge for
the proess with gluon emission and O(80) for the proess without gluon emission,
ounting losed fermion loop diagrams for eah family only one.
The NLO QCD virtual orretions reeive ontributions from self-energy, vertex,
and box diagrams. The orresponding Feynman diagrams are shown in Fig. 2.7, where
we have omitted quark self-energy ontributions. We do not depit diagrams whih an
be obtained by either reversing the harge ow of the external quark lines in the rst
two diagrams or the external lepton lines in the third diagram of Fig. 2.7. In total we
have O(20) ontributing diagrams in this ase.
In the following we desribe how we algebraially simplify the loop amplitudes.
2.2.1 Algebrai redution of spinor hains
We generated the amplitudes using the program FeynArts version 3.2 [66℄ and em-
ployed the program FormCal version 5 [67℄ to algebraially manipulate the ampli-
tudes, whih led to 150 dierent spinor strutures. In order to redue the number of
spinor strutures, we applied the algorithm desribed in Ref. [68℄ and extended it to the
ase with one external gauge boson. It is possible to redue all ourring spinor hains
to O(20) standard strutures, the standard matrix elements (SMEs), without reating
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Figure 2.7: QCD orretions to the proess e+e− → qq¯γ.
oeients that lead to numerial problems.
After the redution of the spinor strutures, we separate the matrix elements into
invariant oeients Fn, whih are funtions of the one-loop integrals, salar kinemat-
ial variables, partile masses, and oupling fators, and SMEs Mˆ, whih ontain all
spinorial objets and the dependene on the heliities of the external partiles (see
Ref. [69℄):
Mσσ′λ =
∑
n
F σσ
′λ
n ({s, sij, tli})Mˆσσ
′λ
n (k1, k2, k3, k4, k5) . (2.9)
Throughout the alulation we enounter the produt of two Dira hains orresponding
to the inoming leptoni and the outgoing hadroni urrent. An open Lorentz index
inside one of the Dira hains an be ontrated with an open Lorentz index inside
the other Dira hain, or with an external momentum, or with the polarisation vetor
ǫ∗µ(k5, λ) of the outgoing photon or gluon.
We use the short-hand notation
[A]±λab = v¯a(ka)A
λ ω± ub(kb), (2.10)
for a spinor hain, where v¯a(ka) and ub(kb) are spinors for fermions and antifermions
respetively, with the hirality projetors
ω± =
1
2
(1± γ5), (2.11)
and the heliity λ of the external gluon or photon. In the following, we denote the
external polarisation vetor by ǫ∗ when there is no ambiguity. Sine we work with
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massless external fermions, only odd numbers of Dira matries our inside the spinor
hains. Using this onvention, the objets we want to simplify are of the form
v¯1(k1)A
λ ωρ u2(k2) × v¯3(k3)Bκ ωσ u4(k4) = [A]ρλ12 [B]σκ34 . (2.12)
In this setion we hoose all momenta inoming. We make use of the Dira algebra,
the Dira equation for the external fermions, momentum onservation, and the four-
dimensionality of spae-time, whih an be exploited after the anellation of UV-
divergenies, whih are dimensionally regularised in our work. Through the Chisholm
identity, one an relate a produt of three Dira matries to a sum where eah summand
only onsists of a single Dira matrix multiplied by the metri tensor gµν , or γ5 and the
totally antisymmetri tensor ǫµνρσ:
γµγνγρ = gµνγρ − gµργν + gνργµ + iǫµνρσγσγ5. (2.13)
An additional onsequene of the four-dimensionality of spae-time is the fat that one
an deompose the metri tensor gµν in terms of four linearly independent orthonormal
basis vetors nl (see Refs. [70, 71℄)
gµν = nµ0n
ν
0 −
3∑
l=1
nµl n
ν
l , (2.14)
with nk · nl = gkl. We hoose the metri tensor gµν to be gµν = diag(1,−1,−1,−1). A
onvenient hoie of the four vetors nl in terms of three linearly independent massless
external momenta ki, kj, kk is given by
nµ0 (ki, kj, kk) =
1√
2(kikj)
(
kµi + k
µ
j
)
, nµ1 (ki, kj, kk) =
1√
2(kikj)
(
kµi − kµj
)
,
nµ2 (ki, kj, kk) = −
1√
2(kikj)(kikk)(kjkk)
[
(kjkk)k
µ
i + (kikk)k
µ
j − (kikj)kµk
]
,
nµ3 (ki, kj, kk) = −
1√
2(kikj)(kikk)(kjkk)
ǫµαβγki,αkj,βkk,γ. (2.15)
In partiular the hoie of the totally antisymmetri tensor ǫµαβγ as a fourth independent
objet guarantees the absene of inverse Gram determinants.
In four spae-time dimensions a totally antisymmetri tensor of rank ve annot
exist, whih leads to the Shouten identity
ǫ[αβγδgµ]ν = 0, (2.16)
where [. . .] means antisymmetrisation of α, β, γ, δ, µ. The produt of two totally anti-
symmetri tensors an be expressed in terms of a determinant of metri tensors,
ǫαβγδǫµνρσ =
∣∣∣∣∣∣∣∣
gαµ gαν gαρ gασ
gβµ gβν gβρ gβσ
gγµ gγν gγρ gγσ
gδµ gδν gδρ gδσ
∣∣∣∣∣∣∣∣
. (2.17)
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Let us now turn to the desription of how to redue the spinor hains to a minimal set of
basis strutures. In the rst step we disonnet two spinor hains whih are ontrated
with eah other using the deomposition Eq. (2.14),
γµ ⊗ γµ = 6n0⊗ 6n0 −
3∑
i=1
6ni⊗ 6ni. (2.18)
The hoie of the external momenta in the above deomposition strongly depends on
the position of the ontrated Dira matries inside the spinor hain. It is advan-
tageous to hoose them in suh a way that one an make use of the Dira equation
v¯(ki)6ki = 0 =6kiu(ki) and the mass-shell ondition k2i = 6k2i = 0 in a very diret manner,
avoiding unneessary antiommutations. We follow the algorithm desribed in detail in
Ref. [68℄. After simplifying the expressions using the identities above, there are remain-
ing ontributions from the ontration of a basis vetor n3 with a Dira matrix inside
the spinor hains, whih an be transformed by employing the Chisholm identity
6n3(ki, kj, kk) = −
i
[ 6ki 6kj 6kk − (kikj) 6kk + (kikk) 6kj − (kjkk) 6ki]γ5√
2(kikj)(kikk)(kjkk)
. (2.19)
In the alulation at hand, we have to deal with a maximum of three ontrations
between the two spinor hains. After disonneting them, we are left with objets of
the form [6vj ]±ab , where the vetor vj an either be an external momentum kj, j 6= a, b,
or the polarisation vetor ǫ∗ of the external gluon or photon.
In the next step, we redue the strutures whih do not depend on the polarisation
vetor of the gluon or photon using the relation
6km = γµkµm = γµgµνkm,ν
(2.14)
= km,µn
µ
0 6n0 −
3∑
i=1
km,µn
µ
i 6ni, m 6= a, b, n. (2.20)
Consider for example
[
6km
]±
ab
(2.20)
= km,µ
3∑
i=0
gii nµi (ka, kb, kn)
[
6ni(ka, kb, kn)
]±
ab
(2.19)
=
(kakn) (kbkm)− (kakb) (knkm) + (kakm) (knkb)± i ǫan bm
2 (kakn) (kbkn)
[
6kn
]±
ab
(2.22)
=
1
2 (kakn) (kbkn)
A+−+∓an bm
[
6kn
]±
ab
, (2.21)
where we introdued the abbreviations
Aa b c dv j k l = a (vkj) (kkkl) + b (vkk) (kjkl) + c (vkl) (kjkk)− d i ǫv j k l,
ǫvjkl = ǫαβγδ v
αkβj k
γ
kk
δ
l , (2.22)
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and upper index ombinations (−++±), (+−+±), and (+ +−±) for (a b c d). The
omponent v an in our ase be either an external momentum, i.e. v = i for ki, or the
polarisation vetor of the gluon or photon, i.e. v = ǫ∗, whih we inlude for later use.
We are now able to express all spinor hains in terms of a linear ombination of 20
SMEs
[ǫ∗]σ12 [k1]
τ
34 , [k3]
σ
12 [ǫ
∗]τ34 , (ǫ
∗k1) [k3]
σ
12 [k1]
τ
34 , (ǫ
∗k2) [k3]
σ
12 [k1]
τ
34 , (ǫ
∗k3) [k3]
σ
12 [k1]
τ
34 .
(2.23)
The redution of all spinor hains to this basis introdues at most two summands per
spinor hain and a total of six fators of the form Eq. (2.22). Inserting the SMEs
Eq. (2.23) into the amplitude redues its size by a fator of two.
A seond option is to also redue terms of the form [6ǫ∗]±ab using
6ǫ∗ = γµǫ∗µ = γµgµνǫ∗ν
(2.14)
= ǫ∗µn
µ
0 6n0 −
3∑
i=1
ǫ∗µn
µ
i 6ni, (2.24)
whih leads for example to
[ǫ∗]±ab
(2.24)
=
1
2 (kakc) (kbkc)
{
(kbkc) (ǫ
∗ka) + (kakc) (ǫ
∗kb)
− (kakb) (ǫ∗kc)± iǫǫ∗abc
}
[kc]
±
ab , (2.25)
where we have used the momenta ka, kb, kc in the deomposition Eq. (2.14). Instead of
having the polarisation vetor ǫ∗µ(k) inside a Dira hain, we nd a sum of fermioni
standard strutures multiplied by a fator whih ontains salar produts of an external
momentum and the polarisation vetor and the totally antisymmetri tensor ontrated
with three momenta and the polarisation vetor. In this way we nd the 28 SMEs
(ǫ∗k1) [k3]
σ
12 [k1]
τ
34 , (ǫ
∗k2) [k3]
σ
12 [k1]
τ
34 , (ǫ
∗k3) [k3]
σ
12 [k1]
τ
34 ,
ǫǫ∗123 [k3]
σ
12 [k1]
τ
34 , ǫǫ∗124 [k3]
σ
12 [k1]
τ
34 , ǫǫ∗134 [k3]
σ
12 [k1]
τ
34 , ǫǫ∗234 [k3]
σ
12 [k1]
τ
34 , (2.26)
and we an express eah spinor hain in terms of a sum of four terms. Due to the
inreased number of terms involved in the redution of the original spinor hains, the
size of the amplitude is not redued in this approah.
We ould also write the sums desribed above in terms of Eq. (2.22), for example
[ǫ∗]±ab
(2.22)
=
1
2 (kakc) (kbkc)
A++−∓ǫ∗a b c [kc]
±
ab . (2.27)
This would lead, however, to a total of 108 SMEs, almost the same number that we
started from.
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A third option is to use only three spei momenta in the deomposition Eq. (2.24),
whih leaves us only with one of the ǫterms above, e.g.
[ǫ∗]±ab
(2.22)
=
[(
− (kbkc)
(kakc) (kckd)
+
A++−∓a b c d
2 (kakc) (kckd) (kakd)
)
(ǫ∗kc)
+
(
1
(kckd)
− A
++−∓
a b c d
2 (kbkc) (kckd) (kakd)
)
(ǫ∗kd)
+
(
1
(kakc)
− A
++−∓
a b c d
2 (kakc) (kbkc) (kakd)
)
(ǫ∗ka)
± i
(
1
2 (kakc) (kckd)
− A
++−∓
a b c d
4 (kakc) (kbkc) (kckd) (kakd)
)
ǫǫ∗acd
]
[kc]
±
ab ,
(2.28)
where we hose to use only the momenta ka, kc, kd in the deomposition Eq. (2.24). It
turns out that we an express eah spinor hain in terms of a sum of eight terms with
the 20 SMEs
(ǫ∗k1) [k3]
σ
12 [k1]
τ
34 , (ǫ
∗k2) [k3]
σ
12 [k1]
τ
34 , (ǫ
∗k3) [k3]
σ
12 [k1]
τ
34 , ǫǫ∗123 [k3]
σ
12 [k1]
τ
34 . (2.29)
The size of the amplitude after inserting these SMEs is 13% larger than using the SMEs
Eq. (2.26), sine we need twie as many terms in the redution of the spinor hains.
Again we ould write Eq. (2.28) in terms of Eq. (2.22), whih results in
[ǫ∗]±ab =
1
2 (kckd) (kakc)
[
A−++∓ǫ a c d +
1
2 (kbkc) (kakd)
A+−+±ǫ a c d A
++−∓
a b c d
]
[kc]
±
ab . (2.30)
Applying this approah we nd in general 36 polarisation dependent strutures, whih
is almost twie the number we need in Eq. (2.23). Due to the results of the above
analysis, we hoose to use the SMEs given in Eq. (2.23) in our alulation.
In addition to the three proedures desribed above, we an express one of the
salar produts between the polarisation vetor of the gluon or photon and an external
momentum in terms of salar produts between the polarisation vetor of the gluon
or photon and the other two external momenta, again using the deomposition of the
metri tensor, e.g.
ǫ∗µk
µ
a = ǫ
∗
µg
µνka,ν
(2.24)
=
1
2
(
(kakc)
(kbkc)
+
(kak5)
(kbk5)
− (kakb) (kck5)
(kbkc) (kbk5)
)
(ǫ∗kb)
+
1
2
(
(kakb)
(kbkc)
+
(kak5)
(kck5)
− (kakc) (kbk5)
(kbkc) (kck5)
)
(ǫ∗kc) , (2.31)
where we used the momenta kb, kc, k5 to span the metri tensor and the transversality
ondition of the polarisation vetor
ǫ∗µ(k)k
µ = 0. (2.32)
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In all three approahes desribed above, using Eq. (2.31) inreases the size of the am-
plitude by roughly 10%, whih is the reason why we do not employ Eq. (2.31) in our
alulation.
In the ase of the virtual orretions to σhad, we use the four SMEs
[k3]
σ
12 [k1]
τ
34 . (2.33)
2.2.2 Evaluation of the loop integrals
The tensor integrals are evaluated as in the alulation of Refs. [68,72℄, i.e. they are nu-
merially redued to master integrals. The salar master integrals are omputed using
omplex masses aording to Refs. [7375℄. UV divergenies are regulated dimension-
ally, whereas IR singularities are regulated using an innitesimal photon or gluon mass.
Five-point integrals are redued to four-point integrals aording to Refs. [76, 77℄. As
long as no small Gram determinant appears in the redution of three- and four-point
funtions, we use the usual Passarino-Veltman redution [78℄. If a small Gram determi-
nant appears, we expand the tensor oeient around this small determinant or other
small kinematial quantities, as desribed in Ref. [77℄. This proedure is implemented
into the FORTRAN library COLI of A. Denner, whih we use in our Monte Carlo
program.
We treat the gauge-boson widths using the omplex-mass sheme, whih has been
worked out at the Born level in Ref. [79℄ and at the one-loop level in Ref. [68℄. In this
framework the masses of the Z and the W boson are omplex quantities, dened at the
pole of the orresponding propagator in the omplex plane. As a onsequene, derived
quantities like the weak mixing angle also beome omplex, and the renormalisation
proedure has to be slightly modied. Introduing omplex masses everywhere in the
Feynman rules preserves all algebrai relations like Ward identities and therefore also
gauge invariane. It an be shown that terms that break gauge invariane are of higher
order in perturbation theory (see Ref. [68℄).
2.3 The Bremsstrahlung proess
In this setion we desribe how we evaluate the last term in Eq. (2.1). The proess we
onsider is given by
e+(q1, σ1) + e
−(q2, σ2)→ q(q3, σ3) + q¯(q4, σ4) + g(k1, λ1) + γ(k2, λ2), q = u, d, c, s, b,
(2.34)
and we have∫
dσreal =
1
2s
∫
dΦ4FC
∑
σ,σ′=± 1
2
λ1,λ2=±1
1
4
(1 + 2P1σ)(1− 2P2σ) |Mσσ′λ1λ2real |2Θcut (Φ4) . (2.35)
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The orresponding matrix elementsMσσ′λ1λ2real are given in Setion A.3, the four-partile
phase spae reads
dΦ4 =
1
(2π)12
d3q3
2q03
d3q4
2q04
d3k1
2k01
d3k2
2k02
(2π)4 δ(4) (q1 + q2 − q3 − q4 − k1 − k2) , (2.36)
and FC = 4. As in Eq. (2.6), the theta funtion Θcut (Φ4) represents uts used in the
event seletion. It is equal to 1 if the event passes the uts and equal to 0 otherwise.
The integral over the four-partile phase spae ontains IR divergenies due to the
emission of a soft or ollinear photon or gluon. Sine we want to use numerial teh-
niques suh as Monte Carlo integration to evaluate the integral, we have to isolate these
divergenies and ombine them with the orresponding ontributions from the virtual
orretions. In the following we introdue two dierent methods that address this issue.
One is the phase-spae-sliing method of Refs. [37,8084℄, where the idea is to split the
phase spae into singular and non-singular regions, treat the singular regions analyti-
ally, and evaluate the nite remainder numerially. The other is the dipole subtration
method of Ref. [38, 85, 86℄, where a subtration funtion that mimis the singular be-
haviour of the integrand is added and subtrated, leaving a nite four-partile phase
spae integration and a remainder, where the integration that leads to singularities is
arried out analytially.
In both methods one relies on fatorisation properties of the matrix elements and of
the phase spae in the soft and ollinear limit. The singularities are treated analytially
suh that a numerial integration does not pose any problems.
Both methods desribed above are valid for NLO alulations. We employ them
separately for the photon and the gluon in the alulation at hand. However, they
are not suient in the region where both the photon and the gluon beome soft or
ollinear. This region orresponds to two-jet prodution where the photon and the
gluon are unresolved. The singularities in this region are anelled by the mixed two-
loop QCD and EW orretions to quarkantiquark pair prodution and are beyond the
sope of this thesis. Eets due to doubly soft or ollinear radiation are ontained in the
endpoint of the orresponding distribution only. Therefore, if we ignore the endpoint,
typially the last bin of a distribution, in our analysis, our results are not jeopardised
by these singularities.
To be able to ompare the results of our alulation to experimental measurements
and to improve the auray of the theoretial predition of αs, we have to inorporate
the kinematial uts used in the spei experiment. In this work, we implement
the event seletion and kinematial uts used in the ALEPH ollaboration, as already
desribed in Setion 1.2.4.
Therefore we remove eletromagneti jets in the phase-spae integration by impos-
ing an upper ut on the photon energy in the jet. However, the ut on the photon
energy also removes events with a highly energeti photon ollinear to a quark or anti-
quark in the nal state that lead to a onguration where the photon and quark annot
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be distinguished. These are exatly the events needed when dening infrared-safe ob-
servables. To restore infrared-safety, we introdue the photon fragmentation funtion,
a funtion that is experimentally determined and ontains the singularities needed to
ensure the anellation of IR divergenies from real and virtual orretions, in analogy
to the absorption of ollinear singularities into PDFs at hadron olliders.
Collinear photon emission in the initial state is regulated by the mass of the eletron
and leads to large ontributions of the form ln(m2e/s). The ut on the visible invariant
mass Mvis removes hard photons ollinear to the inoming beam partiles and therefore
suppresses large mass-singular logarithms.
In this setion we rst introdue the ollinear-safe phase-spae sliing and subtra-
tion methods, before we present an algorithm to extend both methods to non-ollinear-
safe observables.
In Setions 2.3.1 and 2.3.2 we desribe the phase-spae sliing and the subtration
methods for photon radiation. Both methods are implemented for both photon and
gluon radiation. The orresponding formulae for gluon radiation an simply be obtained
through the replaement α→ 4/3αs, sine we do not enounter eets due to triple or
quarti gluon ouplings.
We illustrate both methods for the ase of non-infrared-safe event-seletion uts in
Setions 2.3.3 and 2.3.4. Furthermore, we desribe how we remove the left-over singu-
larities using the experimentally determined quark-to-photon fragmentation funtion in
Setion 2.3.5. Only photons are identied in jets, therefore the fragmentation funtion
proedure is only needed in the ase of real photon emission.
In Setion 2.3.6 we show a method to also inorporate higher-order ISR terms using
the struture-funtion approah.
2.3.1 Phase-spae sliing
In this setion we desribe the phase-spae sliing method aording to Refs. [84, 87℄.
The splitting of the phase spae into singular and non-singular parts is ahieved by
introduing a ut δs on the photon energy Eγ < δs
√
s/2 = ∆E in the CM frame. The
ollinear region is dened by Eγ > ∆E and 1 > cos θ > 1 − δc, where θ is the angle
between the photon and the fermion in the CMS. We an now deompose the ross
setion into a soft, a ollinear, and a nite part:
dσreal = dσsoft + dσcoll. + dσfinite. (2.37)
In the soft region the squared matrix element |Mreal|2 and dΦ4 fatorise suh that we
an apply the soft photon approximation given in Refs. [69, 88℄ and write
dσsoft = dσBorn
α
4π2
4∑
i=1
4∑
j=i+1
(−1)i+jQiQj
∫
Eγ<∆E
|~k|2=E2γ−m2γ
d3k
Eγ
(
qµi
kqi
− q
µ
j
kqj
)2
, (2.38)
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qi qh = zqi
kγ = (1− z)qi
qh =
qf
z
qf
kγ =
1−z
z
qf
Figure 2.8: Kinematis of the initial- and nal-state splitting.
where we denote the photon momentum by k and keep the photon mass mγ as a
regulator. The integrals in Eq. (2.38) an be solved analytially, see Refs. [69, 89℄, as
dσsoft = dσBorn
α
2π
4∑
i=1
4∑
j=i+1
(−1)i+jQiQj
×
{
2 ln
(
2∆E
mλ
)[
2− ln
(
s2ij
m2im
2
j
)]
− 2 ln
(
4EiEj
mimj
)
+
1
2
ln2
(
4E2i
m2i
)
+
1
2
ln2
(
4E2j
m2j
)
+
2π2
3
+2Li2
(
1− 4EiEj
sij
)}
, (2.39)
where we keep the masses of the fermions as regulators for the ollinear singularities
(Ei ≫ mi).
We now turn to the initial- and nal-state hard ontributions, whih ontain mass-
singular logarithms in the limit where the photon and the (anti-)quark beome ollinear.
In the ase of initial-state radiation the phase spae fatorises aording to (see
Fig. 2.8 for notation)
dΦ4 (i+ i
′ → f + f ′ + g + γ)→ dΦ3 (h+ i′ → f + f ′ + g) d
3k
2(2π)3k0
= −dΦ3dzdδi
16π2
,
(2.40)
and in the ase of nal-state radiation aording to
dΦ4 (i+ i
′ → f + f ′ + g + γ)→ dΦ3 (i+ i′ → h + f ′ + g) z
2d3k
2(2π)3k0
= −dΦ3dzdδf
16π2
,
(2.41)
where we have used
d3k = 2π
(
k0
)2
dk0d cos θ, dδi,f = 2k
0q0i,fd cos θ, dk
0 = −q0i dz = −
1
z2
q0fdz. (2.42)
In the same manner the matrix element for initial-state radiation fatorises aording
to ∑
|Mreal (i+ i′ → f + f ′ + g + γ) |2 →
∑
|MBorn (h+ i′ → f + f ′ + g) |2ci→hγ,
(2.43)
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and for nal-state radiation aording to∑
|Mreal (i+ i′ → f + f ′ + g + γ) |2 →
∑
|MBorn (i+ i′ → h + f ′ + g) |2cfγ→h.
(2.44)
In the equations above we used
ci→hγ = 8π
2α
π
Q2i
1
δi
[
1 + z2
z(1− z) −
2m2i
δi
]
,
cfγ→h = 8π2
α
π
Q2f
1
δf
[
1 + z2
1− z −
2m2f
δf
]
, (2.45)
where mi (mf) is the mass of the initial- (nal-) state fermion that emits the photon
and
δi = | (qi − k)2 −m2i | = |2k0q0i (1− cos θ) |,
δf = | (qf + k)2 −m2f | = |2k0q0f (1− cos θ) |. (2.46)
Putting Eq. (2.41) [Eq. (2.42)℄ and Eq. (2.43) [Eq. (2.44)℄ together, we nd with Ei ≫
mi and up to O(mi/Ei)
dσinitialcoll. =
∑
i=1,2
∫ 1−δs
0
dz dσBorn (zqi)
∫ 2(1−z)(q0i )2δc
(1−z)m2
i
dδi
z
16π2
ci→hγ
=
∑
i=1,2
∑
κi
α
2π
Q2i
∫ 1−δs
0
dz
{
dσBorn (zqi,+κi)
1 + z2
1− z
[
ln
(
sˆ
m2i
δc
2
1
z
)
− 1
]
+ dσBorn (zqi,−κi) (1− z)
}
, (2.47)
and
dσfinalcoll. =
∑
i=3,4
∫ 1−∆E/Ei
0
dz dσBorn (qi)
∫ 2z(1−z)(q0
h
)2δc
(1−z)m2i /z
dδf
1
16π2
cfγ→h
=
∑
i=3,4
∑
κi
α
2π
Q2i
{
dσBorn (qi,+κi)
∫ 1−∆E/Ei
0
dz
1 + z2
1− z
[
ln
(
4E2i
m2i
δc
2
z2
)
− 1
]
+ dσBorn (qi,−κi) 1
2
}
. (2.48)
The limits in the inner integration in Eq. (2.47) and Eq. (2.48) are determined from
Eq. (2.46). In the ollinear region they are given by
δi < 2(1− z)
(
q0i
)2
δc, δf < 2(1− z)z
(
q0h
)2
δc. (2.49)
2.3. THE BREMSSTRAHLUNG PROCESS 33
In the above equations we introdued a spin-ip term, denoted by the fermion heliity
κi, that gives rise to a nite ontribution and is needed when we want to onsider
polarised inoming beams. The spin-ip term leads to a non-vanishing ontribution if
both the eletron and positron have the same polarisation.
In the ase of initial-state radiation sˆ = zs is the CM energy of the hard sattering
after the emission of the ollinear photon, whih leads to the extra fator z in the
rst line of Eq. (2.47). In the ase of nal-state radiation the integral over dz an
be performed if the photon and the fermion o whih it has been radiated annot be
observed separately, but only a pseudo-partile arrying the sum of their momenta.
Consequently, the Born matrix element squared is also only dependent on the sum of
the two momenta and we nd
dσfinalcoll. =
4∑
i=3
∑
κi
α
2π
Q2i
{
dσBorn(qi, κi)
×
([
3
2
+ 2 ln
(
∆E
Ei
)][
1− ln
(
4E2i
m2i
δc
2
)]
+
5
2
− 2π
2
3
)
+ dσBorn(qi,−κi)1
2
}
. (2.50)
The parameters δs and δc govern the splitting of the phase spae in the dierent regions,
but the nal result does not depend on them. They have to be hosen to be small
enough to guarantee that the applied approximations are valid. Therefore, varying
these parameters in a ertain range and showing invariane of the results an serve as
an important hek of the alulation.
2.3.2 Dipole subtration method
The seond method we want to desribe is the dipole subtration method, whih was
rst introdued in Ref. [85℄ for massless QCD and later generalised to massive fermions
in Ref. [90℄. Sine we regulate IR divergenies with partile masses, we follow the
desription from Refs. [87, 90℄.
The basi idea of the subtration method is to subtrat an auxiliary funtion from
the integrand that features the same singular behaviour in the soft and ollinear limit.
The partially integrated auxiliary funtion will later be added again.
Suppressing ux and olour fators, polarisation projetors and the theta-funtion
related to the phase-spae uts, we write
∫
dσreal =
∫
dΦ4
∑
λ
|Mreal|2 =
∫
dΦ4
∑
λ
(|Mreal|2 − |Msub|2)+
∫
dΦ4|Msub|2,
(2.51)
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where we demand
|Msub|2 →
∑
λ
|Mreal|2 for k → 0 or qik → 0 or qak → 0, (2.52)
with qa and qi labelling all the momenta of outgoing and inoming fermions, respetively,
and k representing the momentum of the photon.
The subtration funtion Msub is onstruted from ordered pairs ij of harged
fermions, where fermion i is alled the emitter and fermion j the spetator. Only the
kinematis of the emitter lead to singularities. The spetator fermion is used to bal-
ane energy-momentum onservation relations when ombining the momentum of the
photon with the momentum of the emitter. Making the dependene of the subtration
funtion on the emitterspetator pair expliit, we an write
|Mij,sub (Φ4) |2 = −(−1)i+jQiQje2
∑
τ=±
g
(sub)
ij,τ (qi, qj, k) |MBorn(Φ˜3,ij , τκi)|2, (2.53)
where κi is the heliity of the emitter and, if not stated otherwise, the indies i, j
run from 1, . . . , 4. The subtration funtionMij,sub depends on the whole four-partile
phase spae, whereas the Born matrix element depends only on the three-partile phase
spae. Therefore we are required to nd a mapping of the four-partile on the three-
partile phase spae, whih is dierent for eah emitterspetator pair ij. The fatori-
sation theorem for mass singularities governs the behaviour of these mappings, ensur-
ing that the three- and four-partile phase spae approah eah other in the soft and
ollinear limit, i.e. the momenta have to full the following onditions:
qµi
k→0∼ q˜µi , qµj k→0∼ q˜µj , (2.54)
and
qµi − kµ
kqi→0∼ q˜µi , qµj
kqi→0∼ q˜µj , i = 1, 2, (2.55)
qµi + k
µ kqi→0∼ q˜µi , qµj
kqi→0∼ q˜µj , i = 3, 4, (2.56)
where we denote the emitter and spetator with the subsripts i and j, respetively.
Furthermore, the mapped momenta q˜i have to full the mass-shell ondition and energy-
momentum onservation. In the ase of nal-state emitter and nal-state spetator we
use the mapping
q˜µi = q
µ
i + k
µ − yij
1− yij q
µ
j , q˜
µ
j =
1
1− yij q
µ
j , k˜
µ = kµ, (2.57)
for an initial-state emitter and nal-state spetator we have
q˜µi = xjiq
µ
i , q˜
µ
j = q
µ
j + k
µ − (1− xji)qµi , k˜µ = kµ, (2.58)
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and the ase nal-state emitter and initial-state spetator an be obtained from Eq. (2.58)
by the replaement i ↔ j. In the above ases, all momenta that are not a part of
the emitterspetator pair are unhanged. Finally, for an initial-state emitter and an
initial-state spetator one nds
q˜µi = vijq
µ
i , q˜
µ
j = q
µ
j , q˜
µ
l = Λ
µ
νq
ν
l , k˜
µ = Λµνk
ν , l = 3, 4. (2.59)
In the above equations and in the following we use the relations
xij =
qiqj + qjk − qik
qiqj + qjk
, yij =
qik
qiqj + qik + qjk
,
zij =
qiqj
qiqj + qjk
, vij =
qiqj − qjk − qik
qiqj
, (2.60)
and the boost matrix Λµν is given by
Λµν = g
µ
ν −
(
Pij + P˜ij
)µ (
Pij + P˜ij
)
ν
P 2ij + PijP˜ij
+ 2
P˜ µijPij,ν
P 2ij
, (2.61)
where
P˜ µij = q˜
µ
i + q˜
µ
j , Pij = qi + qj − k. (2.62)
The proess-independent radiator funtions g
(sub)
ij,± have to mimi the singular behaviour
of the real orretions. Therefore, in the soft limit they have to full
g
(sub)
ij,+ (qi, qj, k)
k→0∼ 2 (qiqj)
qik (qik + qjk)
− m
2
i
(qik)
2 , g
(sub)
ij,− (qi, qj, k)
k→0∼ O(1), (2.63)
and in the ollinear limits
g
(sub)
ij,+ (qi, qj, k)
qik→0∼ 1
qik
[
1
xi
Pff (xi)− 1 + x
2
i
xi
m2i
2qik
]
,
g
(sub)
ij,− (qi, qj, k)
qik→0∼ (1− xi)
2
xi
m2i
2(qik)2
, xi = 1− k
0
q0i
, i = 1, 2,
g
(sub)
ij,+ (qi, qj, k)
qik→0∼ 1
qik
[
Pff(zi)− 1 + z
2
i
zi
m2i
2qik
]
,
g
(sub)
ij,− (qi, qj, k)
qik→0∼ (1− zi)
2
zi
m2i
2(qik)2
, zi =
q0i
q0i + k
0
, i = 3, 4, (2.64)
where Pff (y) is the splitting funtion dened through
Pff(y) =
1 + y2
1− y . (2.65)
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In the massless ase, they are expliitly given by
g
(sub)
ij,+ (qi, qj, k) =
1
qik (1− yij)
[
2
1− zij (1− yij) − 1− zij
]
,
g
(sub)
ia,+ (qi, qa, k) =
1
(qik)xia
[
2
2− xia − zia − 1− zia
]
,
g
(sub)
ai,+ (qa, qi, k) =
1
(qik)xai
[
2
2− xai − zai − 1− xai
]
,
g
(sub)
ab,+ (qa, qb, k) =
1
(qbk)vab
[
2
1− vab − 1− vab
]
, (2.66)
g
(sub)
ij,− (qi, qj, k) = g
(sub)
ia,− (qi, qa, k) = g
(sub)
ai,− (qa, qi, k) = g
(sub)
ab,− (qa, qb, k) = 0,
where we denote nal-state partiles with the letters i, j and initial-state partiles with
the letters a, b.
The nite part of the real orretions is now obtained through
∫
dσfinitereal =
1
2s
∫
dΦ4

∑
λ
|Mreal|2Θcut(Φ4)−
4∑
i,j=1
i6=j
|Mij,sub|2Θcut(Φ˜3,ij)

 . (2.67)
When applying uts on the nal-state partiles, we have to make sure that we apply a
four-partile ut routine to the real orretions, and the orresponding three-partile ut
routine to the subtration funtion, whih we denote here with Θcut(Φ4) and Θcut(Φ˜3,ij)
respetively.
We turn now to the treatment of the singular ontributions. Splitting the four-
partile phase spae into a three-partile phase spae and the photoni part∫
dΦ4 =
∫ 1
0
dx
∫
dΦ˜3,ij(x)
∫
dΦγ,ij , (2.68)
where the photoni part of the phase spae dΦγ,ij depends on the mass regulatorsmi and
mγ of the fermions and of the photon, we have to ompensate for the redution of the
CM energy in the ase of ISR radiation, whih is indiated by the x-dependene of the
three-partile phase spae. We an then write the singular part of the real orretions
as ∫
dσsingreal = −
α
2π
4∑
i,j=1
i6=j
∑
τ=±
(−1)i+jQiQj
×
∫ 1
0
dx
∫
dΦ˜3,ij(x)Gsubij,τ (s˜ij, x)
1
2xs
|MBorn(Φ˜3,ij , τκi)|2Θcut(Φ˜3,ij), (2.69)
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where the funtions Gsubij,τ (s˜ij , x) are given by the analyti integration over the photoni
part of the phase spae of the radiator funtions
Gsubij,τ (s˜ij, x) = 8π2
∫
dΦγ,ijxg
(sub)
ij,τ (qi, qj, k) , (2.70)
and s˜ij = 2q˜iq˜j . They read
Gsubij,+(s˜ij , x) = δ(1− x)
[
L (s˜ij , m2i )− π23 + 1
]
,
Gsubij,−(s˜ij , x) =
δ(1− x)
2
,
Gsubia,+(s˜ia, x) =
1
1− x
[
2 ln
(
2− x
1− x
)
− 3
2
]
,
Gsubia,−(s˜ia, x) = 0,
Gsubai,+(s˜ai, x) = Pff(x)
[
ln
( |s˜ai|
m2ax
)
− 1
]
− 2
1− x ln(2− x) + (1 + x) ln(1− x),
Gsubai,−(s˜ai, x) = 1− x,
Gsubab,+(s˜ab, x) = Pff(x)
[
ln
(
s
m2a
)
− 1
]
,
Gsubab,−(s˜ab, x) = 1− x, (2.71)
where
L (s˜ij, m2i ) = ln
(
m2γ
s˜ij
)[
1 + ln
(
m2i
s˜ij
)
− 1
2
ln2
(
m2i
s˜ij
)
+
1
2
ln
(
m2i
s˜ij
)]
, (2.72)
and s˜ia = 2q˜iq˜a, s˜ai = 2q˜aq˜i, and s˜ab = 2q˜aq˜b. The distributions dened in Eq. (2.71)
beome singular in the limit x → 1, and the orresponding integrals are therefore not
suited for numerial integration yet. In the next step, we isolate the singularities, using
the usual [. . .]+ presription∫ 1
0
dx [f(x)]+ g(x) =
∫ 1
0
dxf(x) [g(x)− g(1)] . (2.73)
This leads us to∫
dσsingreal = −
α
4πs
4∑
i,j=1
i6=j
∑
τ=±
(−1)i+jQiQj
{
∫ 1
0
dx
x
∫
dΦ˜3,ij(x)
[Gsubij,τ (s˜ij, x)]+ |MBorn(Φ˜3,ij , τκi)|2Θcut(Φ˜3,ij)
+
∫
dΦ3G
sub
ij,τ(s˜ij)|MBorn(Φ3, τκi)|2
}
Θcut(Φ3), (2.74)
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where
Gsubij,+(s˜ij) = L
(
s˜ij , m
2
i
)− π2
3
+ 1, Gsubij,−(s˜ij) =
1
2
,
Gsubia,+(s˜ia) = L
(|s˜ia|, m2i )− π22 + 1, Gsubia,−(s˜ia) = 12 ,
Gsubai,+(s˜ai) = L
(|s˜ai|, m2i )+ π26 − 32 , Gsubai,−(s˜ai) = 12 ,
Gsubab,+(s˜ab) = L
(
s,m2i
)− π2
3
+
3
2
, Gsubab,−(s˜ab) =
1
2
. (2.75)
We have now isolated the singular ontribution of the real orretions, whih is on-
trolled analytially and an be ombined with the orresponding singular ontribution
from the virtual orretions.
2.3.3 Non-ollinear-safe phase-spae sliing
In this setion we disuss how the ut on the photon energy aets the sliing proedure.
As we see from Eq. (2.37), imposing an upper ut on the photon energy does not aet
the singularity struture of the rst and third term sine the nite part does not ontain
any divergenies and the ut ats outside the soft region. The hard-photon ut aets
only hadroni nal states, i.e. photons inside jets. Sine we onsider eletronpositron
ollisions, we only have to onsider ollinear nal-state radiation. In Setion 2.3.1 we
parametrised the ollinear region in terms of the energy fration z arried by the (anti-
)quark that resulted from the splitting. The experimental ut however is a ut on the
energy fration of the photon after the splitting. We therefore need the omplementary
ut on the quark energy fration zq > z
′
cut = 1− zcut. In this notation the limits zq → 1
and zq → 0 desribe a soft and a hard photon respetively. Eq. (2.48) is then given by
dσfinalcoll. (z
′
cut) =
4∑
i=3
∑
κi
α
2π
Q2idσBorn(qi, κi)
{∫ 1−∆E/Ei
z′cut
dziPqq(zi)
[
ln
(
4E2i δc
2m2i
z2i
)
− 1
]
+ dσBorn(qi,−κi)
∫ 1
z′cut
(1− zi)
}
=
4∑
i=3
α
2π
Q2i
{
dσBorn(qi)
[
9
2
− 4z′cut −
z′2cut
2
+
(
2z′cut + z
′2
cut
)
ln (z′cut)
+
(
−3
2
+ z′cut +
1
2
z′2cut − 2 ln
(
∆E/Ei
1− z′cut
))
ln
(
4E2i δc
2m2i
)
− 2π
2
3
+ 2ln
(
∆E/Ei
1− z′cut
)
+ 4 ln (1− z′cut) ln (z′cut) + 4Li2 (z′cut)
]
. (2.76)
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In Eq. (2.76) we performed the polarisation sum, sine the polarisation of nal-state
hadrons in jets annot be measured. In terms of the ut on the photon energy, i.e. per-
forming the replaement z′cut → 1− zcut in Eq. (2.76), we nd
dσfinalcoll. (zcut) =
4∑
i=3
α
2π
Q2i
{
dσBorn(qi)
[
−2π
2
3
+ 5zcut − z
2
cut
2
+ 2 ln
(
∆E/Ei
zcut
)
+
(
−2zcut + z
2
cut
2
− 2 ln
(
∆E/Ei
zcut
))
ln
(
4E2i δc
2m2i
)
+ 4Li2 (1− zcut)
+ 2
(
3
2
− 2zcut + 1
2
z2cut + 2 ln (zcut)
)
ln (1− zcut))
]
. (2.77)
In Eq. (2.77) we have the original dependene on the sliing parameters and the mass
regulators, already present in Eq. (2.50), plus an additional term that depends on the
sliing parameters, the mass regulators, and the ut on the photon energy. It is exatly
this term whih gives rise to left-over singularities.
2.3.4 Non-ollinear-safe subtration method
Reently there has been a proposal of how to deal with non-ollinear safe observables
using the subtration method [91℄. The dierene to the subtration method desribed
in Setion 2.3.2 lies in the derivation of the integrated radiator funtions. Here one
an no longer rely on the fat that for eah photon radiation one around a harged
partile, the fration of the harged partile's energy is fully integrated over, but that
the ut proedure aets the range of integration in the ollinear ones. The aeted
variables are the zij dened in Eq. (2.60), and the variables zia dened analogously.
In the following we desribe the approah given in Ref. [91℄ and how we use it in our
alulation. In partiular we desribe the proedure for nal-state emitter nal-state
spetator and nal-state-emitter initial-state spetator pairs. Again, we an disregard
the ontributions from initial-state emitters sine we onsider leptoni initial states that
are not aeted by the hard-photon ut.
Final-state emitter and nal-state spetator
The integration of the radiator funtions for a nal-state emitter i and a nal-state
spetator j is of the form
Gsubij,τ(s˜ij) ∼
∫ y2
y1
dyij(1− yij)
∫ z2(yij)
z1(yij)
dzijg
(sub)
ij,τ (qi, qj, k), (2.78)
where yij and zij are given in Eq. (2.60), and the limits of integration depend on
invariants built from emitter, spetator, and photon momenta and masses. The expliit
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integration leads to the results given in Eq. (2.75). If we now want to use information
on the photon momentum in the ollinear one, we have to interhange the integrations
in Eq. (2.78) and leave the integration over zij open. Alas, we onsider
G¯subij,τ (s˜ij , zij) ∼
∫ y2(zij)
y1(zij)
dyij(1− yij)g(sub)ij,τ (qi, qj , k). (2.79)
We split o the soft singularity ontained in Eq. (2.79) by employing the well-known
[. . . ]+ distribution
G¯subij,τ (s˜ij, z) = Gsubij,τ(s˜ij)δ(1− z) +
[G¯subij,τ (s˜ij, z)]+ , (2.80)
where the quantity Gsubij,τ(s˜ij) ontains the soft singularity [see Eq. (2.75)℄. For vanishing
fermion masses, the integral in Eq. (2.79) an be arried out expliitly (for details of
the derivation see Ref. [91℄), resulting in
G¯subij,+(s˜ij , z) = Pff(z)
[
ln
(
s˜ijz
m2i
)
− 1
]
+ (1 + z) ln(1− z),
G¯subij,−(s˜ij , z) = 1− z. (2.81)
We an now give the expliit form of the ij ontribution |Msub,ij (Φ1) |2, whih is∫
dΦ1|Msub,ij (Φ1; κi) |2 = − α
2π
QiσiQjσj
∫
dΦ˜0,ij
∫ 1
0
dz
×
{
Gsubij,τ (s˜ij) δ(1− z) +
[G¯subij,τ (s˜ij , z)]+
}
(2.82)
× |M0 (q˜i, q˜j ; τκi) |2Θcut (qi = zq˜i, k = (1−z)q˜i, q˜j, {kn}) .
The term in urly brakets in Eq. (2.82) onsists of a term proportional to a delta-
funtion in z, whih is the usual endpoint ontribution, and a [. . .]+ presription, ating
only on Θcut. In our ase Θcut just provides a lower ut-o on the z-integration, and
we nd∫
dΦ1|Msub,ij (Φ1; κi) |2 = − α
2π
QiσiQjσj
∫
dΦ˜0,ij |M0 (q˜i, q˜j ; τκi) |2
{
Gsubij,τ (s˜ij)
+
∫ 1
0
dz G¯subij,τ (s˜ij, z) [Θ (z − z′cut)−Θ (1− z′cut)]
}
= − α
2π
QiσiQjσj
∫
dΦ˜0,ij |M0 (q˜i, q˜j ; τκi) |2
{
Gsubij,τ (s˜ij)
−
∫ z′cut
0
dz G¯subij,τ (s˜ij, z)
}
. (2.83)
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The z-integration in the seond term of Eq. (2.83) as well as the polarisation sum an
be performed, yielding
∑
τ=±
∫ z′cut
0
dz G¯subij,τ (s˜ij , z) =
∫ z′cut
0
dz
[
1 + z2
1− z ln
(
s˜ijz
m2i
)
− 2z
1− z + (1 + z) ln (1− z)
]
=− π
2
3
+
[
1
2
− 2 ln
(
s˜ij
m2i
)]
ln (1− z′cut)
+ z′cut
[
3
2
− ln
(
s˜ij
m2i
z′cut
1− z′cut
)]
− z
′2
cut
2
ln
(
s˜ij
m2i
z′cut
1− z′cut
)
+ 2Li2 (1− z′cut) . (2.84)
Final-state emitter and initial-state spetator
In the ase of a nal-state emitter i and an initial-state spetator j, the integration of
|M(sub),ia|2 over x = xia is performed using a [. . .]+ presription
−P¯ 2ia
2
∫ x1
0
dxia
∫ z2(xia)
z1(xia)
dziag
(sub)
ia,τ (qi, qa, k) . . .
=
∫ 1
0
dx
{
Gsubia,τ (s˜ia)δ(1− x) +
[Gsubia,τ (s˜ia, x)]+
}
. . . , (2.85)
where P¯ 2ia = (qi + k − qj)2 − m2a − m2i − m2γ and the ellipses stand for x-dependent
funtions like the Born matrix element squared or ux fators. The integration over x
is usually done numerially. The upper limit of the integration x1 ould be replaed by
1, sine all the soft and ollinear singular terms are ontained in Gsubia,τ (s˜ia).
In a non-ollinear-safe set-up, the ellipses also represent terms like the ut routine,
whih are speially zia dependent. Therefore the whole integration has to be done
numerially. To this end, a proedure has to be found, that an isolate the ourring
singularities in the endpoint. To begin with, we generalise the [. . .]+ presription to
multiple variables. We denote the usual [. . .]+ presription in an n-dimensional integral
over the variables ri, i = 1, · · · , n, by∫
dnr [g(r)]
(ri)
+,(a) f(r) ≡
∫
dnrg(r) (f(r)− f(r)|ri=a) . (2.86)
Iterating this proedure, we dene∫
dnr [g(r)]
(ri,rj)
+,(a,b) f(r) ≡
∫
dnr
[
[g(r)]
(ri)
+,(a)
](rj)
+,(b)
f(r) (2.87)
=
∫
dnrg(r)
(
f(r)− f(r)|ri=a − f(r)|rj=b + f(r)|ri=a
rj=b
)
.
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To reover the usual notation, we drop the subsripts a and/or b if they are equal to
one. Dening the auxiliary integral
I[f ] ≡ −P¯
2
ia
2
∫ x1
0
dxia
∫ z2(xia)
z1(xia)
dziag
(sub)
ia,τ (x, z)f(x, z), (2.88)
one nds for innitesimal mass parameters m2a, m
2
i , and m
2
γ (x1, z1 → 1, z2 → 0),
I[f ] =
−P¯ 2ia
2
{∫ 1
0
dx
∫ 1
0
dz
[
g¯
(sub)
ia,τ (x, z)
](x,z)
+
f(x, z) +
∫ 1
0
dxf(x, 1)
[
G(sub)ia,τ (s˜ia, x)
]
+
+
∫ 1
0
dzf(1, z)
[
G¯(sub)ia,τ (s˜ia, z)
]
+
+ f(1, 1)G
(sub)
ia,τ (s˜ia)
}
, (2.89)
where
g¯
(sub)
ia,+ (x, z) =
1
1− x
(
2
2− x− z − 1− z
)
, g¯
(sub)
ia,− (x, z) = 0,
G¯(sub)ia,+ (s˜ia, z) = Pff(z)
[
ln
( |s˜ia|z
m2i
)
− 1
]
− 2 ln(2− z)
1− z + (1 + z) ln(1− z),
G¯(sub)ia,− (s˜ia, z) = 1− z. (2.90)
Now, the expliit form of the ia ontribution |Msub,ia (Φ1) |2 reads
∫
dΦ1|Msub,ia (Φ1; κi) |2 = − α
2π
QaσaQiσi
∫ 1
0
dx
∫
dΦ˜0,ia (s˜ia, x)
∫ 1
0
dz
×Θcut (qi = zq˜i(x), k = (1−z)q˜i(x), {kn(x)})
× 1
x
{
Gsubia,τ (s˜ia) δ(1− x)δ(1− z) +
[Gsubia,τ (s˜ia, x)]+ δ(1− z) (2.91)
+
[G¯subia,τ (s˜ia, z)]+ δ(1− x) + [g¯subia,τ (x, z)]x,z+
}
|M0 (q˜i(x), q˜a(x); τκi) |2.
We exploit again the simpliity of the Θcut-funtion in our ase and nd
∫
dΦ1|Msub,ia (Φ1; κi) |2 = − α
2π
QaσaQiσi
{
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∫
dΦ˜0,ia (s˜ia, 1)G
sub
ia,τ (s˜ia) |M0 (q˜i(1), q˜a(1); τκi) |2
+
∫ 1
0
dx
∫
dΦ˜0,ia (s˜ia, x)
1
x
[Gsubia,τ (s˜ia, x)]+ |M0 (q˜i(x), q˜a(x); τκi) |2
+
∫
dΦ˜0,ia (s˜ia, 1)
∫ 1
0
dz
[G¯subia,τ (s˜ia, z)]+Θ (z − z′cut) |M0 (q˜i(1), q˜a(1); τκi) |2
+
∫ 1
0
dx
∫
dΦ˜0,ia (s˜ia, x)
∫ 1
0
dz
1
x
[
g¯subia,τ (x, z)
]x
+
|M0 (q˜i(x), q˜a(x); τκi) |2
× (Θcut (z − z′cut)−Θcut (1− z′cut))
}
= − α
2π
QaσaQiσi
{∫
dΦ˜0,ia (s˜ia, 1)G
sub
ia,τ (s˜ia) |M0 (q˜i(1), q˜a(1); τκi) |2
+
∫ 1
0
dx
∫
dΦ˜0,ia (s˜ia, x)
1
x
[Gsubia,τ (s˜ia, x)]+ |M0 (q˜i(x), q˜a(x); τκi) |2
−
∫
dΦ˜0,ia (s˜ia, 1)
∫ z′cut
0
dzG¯subia,τ (s˜ia, z) |M0 (q˜i(1), q˜a(1); τκi) |2
−
∫ 1
0
dx
∫
dΦ˜0,ia (s˜ia, x)
∫ z′cut
0
dz
1
x
[
g¯subia,τ (x, z)
]x
+
|M0 (q˜i(x), q˜a(x); τκi) |2
}
= − α
2π
QaσaQiσi
{
∫
dΦ˜0,ia (s˜ia)
(
Gsubia,τ (s˜ia)−
∫ z′cut
0
dzG¯subia,τ (s˜ia, z)
)
|M0 (q˜i, q˜a; τκi) |2
+
∫ 1
0
dx
∫
dΦ˜0,ia (s˜ia, x)
1
x
[
Gsubia,τ (s˜ia, x)−
∫ z′cut
0
dzg¯subia,τ (x, z)
]
+
× |M0 (q˜i(x), q˜a(x); τκi) |2
}
. (2.92)
The z-integrations and the polarisation sum an again be performed, resulting in
∑
τ
∫ z′cut
0
dz G¯subia,τ (s˜ia, z) =
∫ z′cut
0
dz
{
1 + z2
1− z ln
( |s˜ia|z
m2i
)
− 2z
1− z
− 2 ln (2− z)
1− z + (1 + z) ln (1− z)
}
= −π
2
2
+
[
1
2
− 2 ln
( |s˜ia|
m2i
)]
ln (1− z′cut)
+ z′cut
[
3
2
− ln
( |s˜ia|
m2i
z′cut
1− z′cut
)]
− 2 Li2 (−1 + z′cut)
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− z
′2
cut
2
ln
( |s˜ia|
m2i
z′cut
1− z′cut
)
+ 2Li2 (1− z′cut) , (2.93)
and
∑
τ
∫ z′cut
0
dz g¯subia,τ (x, z) =
∫ z′cut
0
dz
1
1− x
(
2
2− x− z − 1− z
)
=
1
1− x
(
−z′cut −
z′2cut
2
+ ln
(
2− x
2− x− z′cut
))
. (2.94)
2.3.5 The quark-to-photon fragmentation funtion
In the previous setions we desribed how we an deal with identied partiles in the
nal state that lead to non-infrared-safe observables using phase-spae sliing and the
subtration method. To restore infrared safety it is ommon pratise to fatorise the re-
sulting left-over singularities into an experimentally determined fragmentation funtion,
in our ase the quark-to-photon fragmentation funtion.
In this setion we disuss how the quark-to-photon fragmentation funtion an the-
oretially be dened using dimensional regularisation and one-uto sliing, and an
experimentally be measured following the approah given in Ref. [92℄. To be able to
use the results obtained in this way in the alulation at hand, we repeat the analy-
sis in mass regularisation and two-uto sliing that are used throughout the previous
setions.
In Ref. [92℄ a method has been proposed in how to measure the quark-to-photon
fragmentation funtion, i.e. the probability of a quark splitting into a quark and a
photon, using the e+e− → n jet+photon ross setion. The key feature of the proposed
method is the demorati lustering of both hadrons and photons into jets, where one
keeps trak of the fration z of photoni energy in the jet. This treatment of the photon
in the jet enhanes the non-perturbative part of the quark-to-photon fragmentation
funtion [92, 93℄, whih in turn an be measured using e+e− annihilations.
To set the stage, we write the lowest-order e+e− → n jet + photon ross setion as
dσLO(n jets + γ) = Θdσˆ0(np+ γ), (2.95)
where dσˆ0(np + γ) is the n parton plus photon ross setion in leading order, and Θ
represents the ut and photon isolation proedure. Going to next-to-leading order and
inluding both virtual and real orretions we have
dσNLO(n jets + γ) = Θ
{
dσˆ1(np+ γ) +
∫
dσˆ0((n+ 1)p+ γ)
+
∑
q
dσˆ0((n + 1)p)dz dEγ δ(Eγ − zEq)Dq→γ(z)
}
, (2.96)
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where the rst term represents the one-loop virtual orretions to the n parton plus
photon ross setion and the seond term desribes the tree-level emission of an ad-
ditional parton. The third term omes from the lowest-order (n + 1) parton proess,
where one of the partons fragments into a photon, transferring a fration z of the parent
momentum to the quark (note the hange z → 1 − z with respet to Ref. [92℄). The
sum runs over all partons and eah quark ontributes aording to the quark-to-photon
fragmentation funtion Dq→γ. The integration over the phase spae in the seond term
in Eq. (2.96) leads to IR singularities related to soft and ollinear gluon emission, whih
anel the orresponding singularities in the rst term, as well as singularities related to
ollinear photon emission, whih anel the orresponding singularities in the quark-to-
photon fragmentation funtion Dq→γ. These anellations ensure that dσNLO(n jets+γ)
is infrared-safe and therefore a well-dened physial quantity.
Sine fragmentation is a long-distane proess, it annot be alulated entirely
in perturbation theory. Theoretially Dq→γ an be split up into a perturbative part
Dpq→γ(z) and a non-perturbative part D
np
q→γ(z) suh that
Dq→γ(z) = Dpq→γ(z) +D
np
q→γ(z). (2.97)
To alulate Dpq→γ(z) in perturbation theory, one uses one-uto phase-spae sliing
with sliing parameter smin. In analogy to the treatment in Setion 2.3.1, one splits the
integration over σˆ0((n+1)p+γ) into a part where all n+2 partiles are resolved, i.e. sqγ >
smin for all q, and into a part where only n + 1 partons are resolved and the photon is
degenerate with one of the partons, i.e. sqγ < smin, leading to the deomposition∫
dσˆ0((n+ 1)p+ γ) =
∫
dσˆn+20 +
∫
dσˆn+10 . (2.98)
Using
dσˆn+10 = −dσˆ0((n+ 1)p)dzDpq→γ(z), (2.99)
and fatorisation properties of the matrix element and phase spae, we nd in dimen-
sional regularisation (for more details of the derivation see Ref. [94℄)
Dp,DRq→γ (z) = −
αQ2q
2π
(4πµ2)ǫ
Γ(1− ǫ)P
(ǫ)
q→γ(z) [z(1− z)]−ǫ
∫ smin
0
dsqγ
1
s1+ǫqγ
=
1
ǫ
(
4πµ2
smin
)ǫ
1
Γ(1− ǫ)
(
αQ2q
2π
)
P
(ǫ)
q→γ(z)
[z(1− z)]ǫ , (2.100)
where the ǫ-dependent splitting funtion P
(ǫ)
q→γ is given by
P (ǫ)q→γ(z) =
1 + z2 − ǫ (1− z)2
1− z . (2.101)
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We now go to the MS sheme and fatorise the 1/ǫ-divergene into the fragmentation
funtion at the sale µF
DDRq→γ(z) = Dq→γ(z, µF) +
1
ǫ
(
4πµ2
µ2F
)ǫ
1
Γ(1− ǫ)
(
αQ2q
2π
)
Pff(z)
= Dq→γ(z, µF ) +Dp,DRq→γ (z) + Pff(z) ln
(
smin
µ2F
(1− z)z
)
+ (1− z).
(2.102)
The funtion Dq→γ(z, µF ) an be experimentally determined. For example it has been
measured at the ALEPH experiment using the ansatz
DALEPHq→γ (z, µF ) =
(
αQ2q
2π
)[
Pff (z) ln
(
µ2F
µ20
1
z2
)
+ C
]
, (2.103)
with tting parameters C and µ0.
We an now proeed in a similar fashion to the parton-distribution-funtion ap-
proah used in hadronhadron ollisions, where a singular piee is fatorised into the
experimentally determined parton distributions. To this end, we use the experimentally
determined ontribution from the quark-to-photon fragmentation funtion and add it
to the real orretions, with the hard-photon ut proedure inluded, and the virtual
orretions, resulting in the infrared-safe ross setion∫
dσIR−safe =
∫
dσvirt +
∫
dσreal(z
′
cut) +
∫
dσfrag(z
′
cut), (2.104)
where
dσfrag(z
′
cut) = −
4∑
i=3
α
2π
Q2idσBorn(qi)
∫ z′cut
0
dzDq→γ(z). (2.105)
Physially we an motivate this approah as follows. The virtual QED-type orretions
inlude all quarks, even if these fragment into a quark-photon pair and should be
rejeted by the hard-photon ut. By adding dσfrag to the O (α) orretions, we orret
for the eet of the hard-photon ut and ompensate for exess terms related to ollinear
photon emission. In this way we an dene an infrared-safe quantity even in the presene
of the hard-photon uts.
The result in Eq. (2.100) has been derived using dimensional regularisation and
one-uto sliing. In the following we repeat the analysis, using partile masses as
regulators, suh that we an use the results in the alulation at hand. We begin with
the perturbative part of the fragmentation funtion. In Eq. (2.37) of Setion 2.3.1 we
have seen how we an divide the phase spae into a nite and a singular piee using
the two parameters δs and δc. This proedure an be seen in full analogy to Eq. (2.98),
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where we used the parameter smin to dene the singular region. The fragmentation
proess only takes plae in the ollinear region, i.e. the region dened by δc. Observing
that Eq. (2.46) an be written as
δq = | (qq + k)2 −m2q | = |sqγ −m2q|, (2.106)
together with Eq. (2.99), we nd that the mass-regularised ounterpart of Eq. (2.100)
using two-uto sliing is given by [see Eqs. (2.45) and (2.48)℄
Dp,MRq→γ (z, δc) = −
(
αQ2q
2π
)∫ 2z(1−z)(q0
h
)2δc
(1−z)m2q/z
dδf
δf
[
Pff (z)−
2m2q
δf
]
. (2.107)
Using Eq. (2.106), we an make the transition from two-uto to one-uto sliing as
employed in Eq. (2.98), suh that
Dp,MRq→γ (z, smin) = −
(
αQ2q
2π
)∫ smin
m2q/z
ds
s
[
Pff(z)−
2m2q
s
]
= −
(
αQ2q
2π
)[
Pff(z) ln
(
smin
m2q
z
1− z
)
− 2z
1− z
]
. (2.108)
We now employ Eq. (2.102) in mass regularisation and nd
DMRq→γ(z) = Dq→γ(z, µF ) + D
p,MR
q→γ (z, smin) +
(
αQ2q
2π
)[
Pff(z) ln
(
sminz(1− z)
µ2F
)
+1−z
]
,
(2.109)
whih allows us to write the bare fragmentation funtion using mass regularisation
DMRq→γ(z) = Dq→γ(z, µF ) +
(
αQ2q
2π
)[
Pff (z) ln
(
m2q
µ2F
(1− z)2
)
+ Pff(z)
]
. (2.110)
Inserting Eq. (2.103) into Eq. (2.110) we nd
DALEPH,MRq→γ (z) =
(
αQ2q
2π
)[
Pff (z) ln
(
m2q
µ20
(1− z)2
z2
)
+ Pff(z) + C
]
. (2.111)
We an integrate Eq. (2.111) over z and nd∫ z′cut
0
dzDALEPH,MRq→γ (z) = Cz
′
cut −
z′2cut
2
+ ln (1− z′cut) + 4Li2 (z′cut)
− 2 ln (1− z′cut) ln
(
m2q
µ20
(1− z′cut)2
z′2cut
)
+ 2 ln2 (1− z′cut)
−
(
z′cut +
1
2
z′2cut
)
ln
(
m2q
µ20
(1− z′cut)2
z′2cut
)
. (2.112)
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In the ase of the phase-spae-sliing method, we an add dσfrag(z
′
cut) to dσ
final
coll. (z
′
cut),
whih leads to
dσfrag(z
′
cut) + dσ
final
coll. (z
′
cut) =
4∑
i=3
α
2π
Q2idσBorn(qi)
[
9
2
− 2π
2
3
− 4z′cut − Cz′cut
−
(
3
2
+ 2 ln (∆E/Ei)
)
ln
(
4E2i δc
2m2i
)
+ 2 ln (∆E/Ei)
− 3
2
ln (1− z′cut)2 + ln
(
4E2i δc
2µ20
(1− z′cut)
)
ln (1− z′cut)2
+
(
z′cut +
1
2
z′2cut
)
ln
(
4E2i δc
2µ20
(1− z′cut)2
)]
= dσfinalcoll. −
4∑
i=3
{
(4 + C)z′cut
+
(
z′cut +
1
2
z′2cut
)
ln
(
4E2i δc
2µ20
(1− z′cut)2
)
+
[
−3
2
+ ln
(
4E2i δc
2µ20
(1− z′cut)
)]
ln
(
(1− z′cut)2
)}
.
(2.113)
Eq. (2.113) onsists of the original ollinear ontribution that anels against the virtual
orretions, and an additional, nite ontribution, depending on the ut on the quark
energy z′cut.
In the ase of the subtration method, we an use harge onservation
∑
i
Q2i = −
∑
i,j
i6=j
(−1)(i+j)QiQj , (2.114)
to split dσfrag(zcut) into a nal-state emitter and nal-state spetator, and a nal-state
emitter and initial-state spetator ontribution, yielding
dσfrag(zcut) =
4∑
i=3
4∑
j=1
j 6=i
α
2π
(−1)i+jQiQj dσBorn(qi)
∫ 1
zcut
dzDq→γ(z). (2.115)
In the ase of a nal-state emitter and nal-state spetator, we an add Eq. (2.115) to
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Eq. (2.84), and nd
α
4πs
4∑
i=3
4∑
j=3
j 6=i
∫
Φ˜0,ij |M0 (q˜i, q˜j) |2
∫ z′cut
0
dz
{G¯subij,τ (s˜ij, z) +DALEPH,MRq→γ (z)} =
α
4πs
4∑
i=3
4∑
j=3
j 6=i
∫
Φ˜0,ij |M0 (q˜i, q˜j) |2
{(
3
2
+ C − z
′
cut
2
)
z′cut +
3
2
ln (1− z′cut)−
[
z′cut +
z′2cut
2
+ 2 ln (1− z′cut)
]
ln
(
s˜ij
µ20
1− z′cut
z′cut
)
+ 2Li2 (z
′
cut)
}
. (2.116)
Analogously, in the ase of a nal-state emitter and initial-state spetator using Eq. (2.93),
we are left with
α
4πs
4∑
i=3
∑
a=1,2
∫
Φ˜0,ia|M0 (q˜i, q˜a) |2
∫ z′cut
0
dz
{G¯subia,τ (s˜ia, z) +DALEPH,MRq→γ (z)} =
α
4πs
4∑
i=3
∑
a=1,2
∫
Φ˜0,ia|M0 (q˜i, q˜a) |2
{
π2
6
+
(
3
2
+ C − z
′
cut
2
)
z′cut +
3
2
ln (1− z′cut)−
[
z′cut +
z′2cut
2
+ 2 ln (1− z′cut)
]
ln
(
s˜ia
µ20
1− z′cut
z′cut
)
+ 2Li2 (z
′
cut)− 2Li2 (z′cut − 1)
}
. (2.117)
Both Eq. (2.116) and Eq. (2.117) are now nite and only depend on the value of z′cut,
but not on the mass regulators.
2.3.6 Higher-order initial-state radiation
In order to ahieve an auray at the per-mille level, we also inlude eets stem-
ming from higher-order initial-state radiation using the struture-funtion approah as
desribed in Refs. [87, 95℄. The mass fatorisation theorem states that the leading-
logarithmi (LL) initial-state QED orretion an be written as a onvolution of the
lowest-order ross setion with struture funtions aording to∫
dσLL =
∫ 1
0
dx1
∫ 1
0
dx2Γ
LL
ee (x1, Q
2)ΓLLee (x2, Q
2)
∫
dσBorn(x1q1, x2q2), (2.118)
where x1 and x2 denote the frations of the inoming momenta just before the hard
sattering, Q2 is the typial sale at whih the sattering ours, and the struture
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funtions up to O(α3) are given by [87, 95℄
ΓLLee =
exp
(−1
2
βeγE +
3
8
βe
)
Γ
(
1 + 1
2
βe
) βe
2
(1− x)βe2 −1 − βe
4
(1 + x)
− β
2
e
32
{
1 + 3x2
1− x ln(x) + 4(1 + x) ln(1− x) + 5 + x
}
− β
3
e
384
{
(1 + x)
[
6Li2(x) + 12 ln
2(1− x)− 3π2]
+
1
1− x
[
3
2
(1 + 8x+ 3x2) ln(x) + 6(x+ 5)(1− x) ln(1− x)
+ 12(1 + x2) ln(x) ln(1− x)− 1
2
(1 + 7x2) ln2(x)
+
1
4
(39− 24x− 15x2)
]}
, (2.119)
where
βe =
2α
π
(L− 1), (2.120)
with leading logarithm
L = ln
(
Q2
m2e
)
, (2.121)
Γ is the Gamma funtion, and γE is the EulerMasheroni onstant. In the alulation
at hand we use Q2 = s.
When we add Eq. (2.118) to the one-loop result, we have to subtrat the lowest-
order and one-loop ontributions dσLL,1 already ontained in Eq. (2.119) to avoid double
ounting. They read∫
dσLL,1 =
∫ 1
0
dx1
∫ 1
0
dx2
[
δ(1− x1)δ(1− x2) + ΓLL,1ee (x1, Q2)δ(1− x2)
+ ΓLL,1ee (x2, Q
2)δ(1− x1)
] ∫
dσBorn(x1q1, x2q2), (2.122)
where the one-loop struture funtions are given by
ΓLL,1ee =
βe
4
[
1 + x2
1− x
]
+
. (2.123)
Chapter 3
Implementation
In the previous hapter we presented strategies for the alulation of physial observ-
ables at the one-loop level. We showed how to isolate and analytially ontrol IR
divergenies, making the numerial integration over the three- and four-partile phase
spae feasible. The implementation of these tehniques builds on the Fortran program
Pole by C. Meier [96℄. Pole has been developed to alulate one-loop eletroweak
orretions to infrared-safe observables with identied partiles in the nal state, both
for lepton and hadron olliders, using Monte Carlo integration tehniques. In the alu-
lation at hand we want to alulate event-shape distributions with jets, i.e. unidentied
partiles in the nal state, using the non-infrared-safe hard-photon ut proedure and
the fragmentation-funtion approah to restore infrared safety as desribed in the pre-
vious hapter. Therefore the funtionality of Pole had to be extended. While the
implementation of the non-ollinear-safe phase-spae-sliing and subtration method,
as well as the fragmentation-funtion approah are straightforward in the framework of
Pole, the implementation of the event seletion is more involved.
We briey outline the priniples of Monte Carlo integration in Setion 3.1, following
the disussion in Ref. [97℄. We then desribe the details of the implementation of the
event seletion proedure in Setion 3.2. Finally, we give an overview of the funtionality
of the resulting program EW3J in Setion 3.3. For more details of the other features
of the program the reader is referred to Ref. [96℄.
3.1 Monte Carlo integration
Monte Carlo integration tehniques are ommonly used when dealing with ompli-
ated integrals over a multi-dimensional spae. Consider the integral of a funtion
f (u1, . . . , ud) of d variables u1, . . . , ud over the unit hyperube [0, 1]
d
, and denote a
point in the unit hyperube by x = (u1, . . . , ud). If f is square-integrable then the
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Monte Carlo estimate of the integral
I =
∫
dxf(x), (3.1)
is given by
E =
1
N
N∑
n=1
f(xn), (3.2)
where the number of points inside the hyperube N have to be uniformly distributed.
Beause of the law of large numbers, the Monte Carlo estimate onverges to the true
value of the integral, suh that
lim
N→∞
1
N
N∑
n=1
f(xn) = I. (3.3)
One an show that
∫
dx1 . . .
∫
dxN
(
1
N
N∑
n=1
f(xn)− I
)2
=
σ2(f)
N
, (3.4)
where the variane σ2(f) of f(x) is given by
σ2(f) =
∫
dx (f(x)− I)2 . (3.5)
Therefore it an be argued that the error of the Monte Carlo estimate is on average
σ(f)/
√
N , where σ(f) is the standard deviation of f . Aording to the entral-limit
theorem, the probability that
I − aσ(f)√
N
≤ E ≤ I + bσ(f)√
N
, (3.6)
is given by
lim
N→∞
Prob
(
−aσ(f)√
N
≤
N∑
n=1
f(xn)− I ≤ bσ(f)√
N
)
=
1√
2π
∫ b
−a
dt exp
(
−t
2
2
)
. (3.7)
In pratise it is not feasible to ompute the variane σ2(f) diretly, and one uses the
Monte Carlo estimate
S2 =
1
N − 1
N∑
n=1
(f(xn)−E)2 = 1
N − 1
N∑
n=1
[
(f(xn))
2 − E2] , (3.8)
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instead. From the above results we an dedue that the error using Monte Carlo
integration sales like 1/
√
N and is independent of the dimension d of the integral.
If one wants to integrate a funtion g over a ompliated region W one an proeed
as follows. Find a region V that ontains W and that an be easily sampled by random
numbers. Then dene a funtion f that is equal to g in W and zero outside of W ,
and proeed as desribed in the previous paragraph. The problem with this approah
is that the points hosen outside of W do not ontain any information and therefore
eetively redue the number of points used in the alulation.
Consider the phase-spae integrations in Eq. (2.6) and Eq. (2.35). The matrix
elements in the integrand show a rih peaking behaviour in dierent regions of the phase
spae. In order to improve the rate of onvergene and to redue the number of events
needed in the integration, Pole uses the multi-hannel Monte Carlo method [98102℄.
Suppose the integrand only exhibits a single peak. A hange of variables leads to
∫
dxf(x) =
∫
f(x)
p(x)
p(x)dx =
∫
f(x)
p(x)
dP (x), (3.9)
with
p(x) =
∂d
∂x1 . . . ∂xd
P (x). (3.10)
If
p(x) ≥ 0, and
∫
p(x)dx = 1, (3.11)
then p(x) an be interpreted as a probability density funtion. Generating random
numbers aording to the distribution P (x) leads to the Monte Carlo estimate of the
integral
E =
1
N
N∑
n=1
f(xn)
p(xn)
. (3.12)
Hene, we nd for the Monte Carlo estimate of the variane
S2
(
f
p
)
=
1
N
N∑
n=1
(
f(xn)
p(xn)
)2
− E2. (3.13)
Therefore hoosing the funtion p(x) suh that it approximates the funtion f(x) leads
to a redution of the Monte Carlo error.
In the ase where f(x) shows various peaks in dierent regions it an be hard to nd
a single funtion that approximates f(x) for all the peaks. If one knows the behaviour
for the single peaks, however, one an use the multi-hannel Monte Carlo tehnique
where eah peak is referred to as a single hannel. Let pi(x) be the probability density
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of hannel i and P−1i (y) a mapping of random numbers y distributed aording to pi(x).
Furthermore, let αi ≥ 0, i = 1, . . . , m, where m is the number of hannels, suh that
m∑
i=1
αi = 1. (3.14)
Seleting a single hannel i with probability αi leads to
I =
∫
dxf(x) =
m∑
i=1
αi
∫
f(x)
p(x)
dPi(x), (3.15)
where
p(x) =
∑
i
αipi(x). (3.16)
The Monte Carlo average of the integral is then given by
E =
1
N
m∑
i=1
Ni∑
ni=1
f(xni)
p(xni)
, (3.17)
where eah hannel is approximately evaluated αiN times. The Monte Carlo estimate
of the integration error is given by √
W (α)− I2
N
, (3.18)
with
W (α) =
m∑
i=1
αi
∫ (
f(x)
p(x)
)2
dPi(x). (3.19)
One an try to minimise W (α) through a lever hoie of the αi. The details of the
implementation of the multi-hannel algorithm in Pole an be found in Refs. [96,103℄.
3.2 Event seletion
In this setion we desribe in detail the implementation of the event seletion as pre-
sented in Setion 1.2.4. Sine the hard-photon isolation ut diretly inuenes the an-
ellation of soft and ollinear singularities it is ruial to implement it onsistently. The
main ingredient hereby is the jet algorithm. We inluded a subroutine that alulates
the parameters yij,J, yij,D, and yij,G of the Jade, Durham, and Geneva jet algorithms,
respetively. Consider for example a four-parton event and the Durham jet algorithm.
First, we alulate the value y34,D whih is the maximum value of ycut,D where one of
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the nal-state momenta is lustered together with another nal-state momentum. The
quantity y34,D is a measure for the transition of a four-jet to a three-jet event in the
Durham sheme. In the seond step, we alulate the value y23,D whih is the maximum
value of ycut,D where two of the nal-state momenta are lustered together with either
one other nal-state momentum or two dierent nal-state momenta. The quantity
y23,D is a measure for the transition of a four-jet to a two-jet event in the Durham
sheme. In the ase of a three-parton event, y34,D is always zero and we only alulate
y23,D whih is the maximum value of ycut,D where one of the nal-state momenta is
lustered together with another nal-state momentum. Here, y23,D is a measure for the
transition of a three-jet to a two-jet event.
In our alulation we hoose a xed value for ycut, and thus onsider an event four-jet
like if
ycut < y34,D,
three-jet like if
y34,D < ycut < y23,D,
and two-jet like if
y23,D < ycut.
We have implemented the E-, E0-, P -, and P0-shemes for the reombination proedure,
and use the P0-sheme by default. For tehnial reasons, the jet algorithm requires the
nal-state momenta to be in their entre-of-mass system. Furthermore, the subroutine
returns the photoni energy fration in a jet z if one of the partiles in the nal state
is a photon.
Throughout the alulation we enounter three types of nal-state momenta. First,
three-partile nal-state momenta in their entre-of-mass system in the alulation of
the Born, virtual, and non-ISR parts of the sliing or subtration matrix elements.
Here, the entre-of-mass system is equivalent to the laboratory system. Seond, three-
partile nal state momenta after the emission of an ISR photon for the alulation of
the ISR parts of the sliing or subtration matrix elements. These momenta are given
in the laboratory system that is not equivalent to their entre-of-mass system. And
third, four-partile momenta in the alulation of the real-radiation matrix elements.
Here, the entre-of-mass system is again equivalent to the laboratory system.
In addition to the ut on the energy fration of the photon in the jet, we also
implemented a ut on the prodution angle with respet to the beam pipe, taking into
aount the restrited opening angle of the detetor. Here it is important to alulate
the prodution angle with respet to the beam axis in the laboratory frame, before
boosting the nal-state momenta into their entre-of-mass system, as required by the
jet algorithm.
We now turn to the evolution of the event seletion, starting with three-partile nal
states. First, we alulate the prodution angle of all partile momenta with the beam.
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Calulate angle θi of eah
momentum with beam diretion.
Rejet event
Calulate invariant mass
of nal-state s′.
Rejet event
Boost nal state partiles into their CMS.
Call jet routine with npar = 3.
Calulate photon energy in jet z.
Rejet event
Aept event
maxi(cos θi) > cos θcut
s′/s < scut
z > zcut
maxi(cos θi) ≤ cos θcut
s′/s ≥ scut
z ≤ zcut
Figure 3.1: Three-parton event seletion.
If one or more angles are smaller than a given value Θcut, the event is rejeted, sine it
leads to a two-parton nal state that only ontributes to the endpoint of all event shape
distributions. In the next step, the invariant mass of the nal state s′ = (p3+ p4+ p5)2
is alulated. This quantity is only dierent from the entre-of-mass energy squared in
the alulation of the ISR parts of the sliing or subtration matrix elements. If s′/s
is lower than a preset value scut, the event is rejeted. Now we boost the momenta in
their entre-of-mass system, exeute the jet algorithm for three partiles, and obtain
the photoni energy fration in a jet. If z is larger than a given value zcut the event is
rejeted, otherwise it is aepted. A shemati overview of this proedure an be found
in Fig. 3.1.
In the ase of four-parton nal states, we rst alulate the prodution angle of all
partile momenta with the beam. If two or more angles are smaller than a given value
Θcut, the event is rejeted, sine it leads to a bak-to-bak two-partile nal state. If
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Calulate angle θi of eah
momentum with beam diretion.
Rejet event
Set pi = 0 and boost
nal state-partiles
into their CMS.
Calulate invariant mass
of nal-state s′.
Rejet event
Call jet routine with npar = 4.
Calulate photon energy in jet z.
Rejet event
Aept event
maxi(cos θi) > cos θcut
maxi(cos θi) > cos θcut
maxj 6=i(cos θj) > cos θcut
s′/s < scut
z > zcut
maxi(cos θi) ≤ cos θcut
s′/s ≥ scut
z ≤ zcut
Figure 3.2: Four-parton event seletion.
one angle is smaller than the ut value, we set the orresponding momentum to zero
and boost the remaining momenta into their entre-of-mass frame. In the next step,
we alulate the invariant mass of the nal state s′ = (p3+ p4+ p5+ p6)2 and rejet the
event for s′/s < scut. Next we exeute the jet algorithm for four partiles, obtain z, and
rejet the event if z is larger than zcut. Otherwise we aept the event. A shemati
overview of this proedure an be found in Fig. 3.2. Note that in the ase where a
photon is present in the nal state and it is not reombined with another partile, we
nd a purely photoni jet with z = 1 and the event is rejeted.
In the alulation of σhad we also enounter two-partile quarkantiquark nal states.
In this ase, we only apply the ut on the prodution angle θi, where i an be either the
quark or the antiquark. If we nd cos θi > cos θcut for one of the partiles we disard
the event. The respetive Bremsstrahlung proess with quarkantiquarkphoton nal
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states is treated as disussed in the ase with three-partile nal-states above with the
only dierene that we rejet events where two partiles are lose to the beam. In this
way we ensure that both the event-shape distribution and the normalisation to σhad
are treated in the same way, suh that the expeted anellation of large initial-state
radiation eets an take plae.
One an event passes the above ut routine, we proeed with the alulation of the
event-shape observables. The observables dened in Setion 1.2.2 are alulated in a
single run of the program, where we impose an additional ut individually for eah
histogram. This ut is hosen suh that the singularity in the two-jet region is avoided,
typially as a lower ut-o for the respetive observable (see Setion 4.1). In this way
the ut aets only the rst bin of the histogram and does not ause a distortion of the
shape of the distribution.
3.3 Funtionality of the program
In this setion we give an overview of the funtionality of the program EW3J. The
program is designed to alulate the eletroweak orretions to the proess dened in
Eq. (2.3) and the QCD orretions to the proess dened in Eq. (2.4) at arbitrary
entre-of-mass energies. Both proesses share the Bremsstrahlung proess as dened
in Eq. (2.34), suh that phase-spae sliing or subtration both for the photon and the
gluon in the real-radiation part is employed.
The input sheme for the eletromagneti oupling onstant an be hosen to be ei-
ther the α(0)-sheme or the modied Gµ sheme. In the Gµ sheme the eletromagneti
oupling is xed via
α = αGµ =
√
2GµM
2
W
(
1−M2W/M2Z
)
/π,
where Gµ is the Fermi onstant. The weak orretions to muon deay ∆r are in this way
ontained in the harge renormalisation onstant [104107℄. As a onsequene the Born
ross setion times the onstant ∆r has to be subtrated from the virtual orretions
one for eah oupling in the Born amplitude that is parameterised by
√
αGµ . At the
one-loop level ∆r is given by
∆r(1) =
∂Σγγ (k2)
∂k2
|k2=0 − cos
2 θw
sin2 θw
(
ΣZZ (M2Z)
M2Z
− Σ
WW (M2W)
M2W
)
+
ΣWW (0)− ΣWW (M2W)
M2W
+ 2
cos θw
sin θw
ΣγZ(0)
M2Z
+
α
4π sin2 θw
[
6 +
7− 4 sin2 θw
2 sin2 θw
ln
(
cos2 θw
)]
, (3.20)
where ΣV V
′
(k2) denotes the transverse part of the V V ′ gauge-boson self-energy at
momentum transfer k2.
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As the leading eletromagneti orretions are related to the emission of real pho-
tons, we x the eletromagneti oupling appearing in the relative orretions by
α = α(0), whih is the appropriate hoie for the leading photoni orretions. This is
referred to as the modied Gµ sheme. Aordingly the ross setion for e
+e− → qq¯g is
proportional to α2Gµαs, while the eletroweak orretions to this proess are proportional
to α(0)α2Gµαs.
Finally, the following hoies an be made:
• swith higher-order ISR as desribed in Setion 2.3.6 on or o,
• alulate distributions for polarised or unpolarised inoming eletrons and positrons,
• inlude only up-type (up, harm), down-type (down, strange), bottom-type nal
states, or the sum over the ve light avors,
• inlude the full O(α) orretions or only weak (fermioni and massive bosoni
loops) ontributions.
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Chapter 4
Results
In this hapter we present the results obtained with the program EW3J as disussed
in Chapter 3. In Setion 4.1 we desribe our hoie of input parameters. In Setion 4.2
we disuss a number of heks we performed to prove the reliability of our results. In
Setion 4.3 we give the results for the total hadroni ross setion for various energies
as needed in the normalisation of the distributions as derived in Setion 1.2.3. In Se-
tion 4.4 we display our ndings for jet rates and event-shape distributions aording to
the disussion in Setions 1.2.1 and 1.2.2. The event-seletion and partile identiation
is realised as highlighted in Setion 3.2. The same riteria are applied in the alulation
of σhad and the jet rates and event-shape distributions. We investigate the eet of
these event-seletion uts on the shape of the distributions in Setion 4.5, using thrust
as an example. In Setion 4.6 we ompare our ndings to results already existing in
the literature.
4.1 Input parameters and setup
We use the following set of input parameters [108℄,
Gµ= 1.16637× 10−5GeV−2, α(0)= 1/137.03599911, αGµ = 1/132.43421099
αs(MZ)= 0.1176,
MLEPW = 80.403GeV, Γ
LEP
W = 2.141GeV,
MLEPZ = 91.1876GeV, Γ
LEP
Z = 2.4952GeV,
me= 0.51099892MeV, mt= 171.0GeV, MH= 120GeV. (4.1)
We employ the omplex-mass sheme [72℄, where a xed width enters the resonant
W- and Z-boson propagators, in ontrast to the approah used at LEP to t the W and
Z resonanes, where running widths are taken. Therefore, we have to onvert the on-
shell values of MLEPV and Γ
LEP
V (V = W,Z), resulting from LEP, to the pole values
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denoted by MV and ΓV . The relation between the two sets is given by [109℄
MV =M
LEP
V /
√
1 + (ΓLEPV /M
LEP
V )
2, ΓV = Γ
LEP
V /
√
1 + (ΓLEPV /M
LEP
V )
2, (4.2)
leading to
MW= 80.375 . . . GeV, ΓW= 2.140 . . . GeV,
MZ= 91.1535 . . . GeV, ΓZ= 2.4943 . . . GeV. (4.3)
The sale dependene of αs is determined aording to the three-loop running [see
Eq. (1.11)℄. The number of ative avours is nF = 5 belowmt whih leads to Λ5 = 0.221.
Above mt we use six ative avours and obtain Λ6 = 0.089. This results for example in
αs (206GeV) = 0.1050 and αs (500GeV) = 0.0949.
We neglet eets due to quark mixing and set the CKM matrix to unity. Through-
out this work, we parametrise the ouplings appearing in LO in the Gµ sheme, whereas
we x the eletromagneti oupling appearing in the relative orretions by α = α(0)
(see Setion 3.3). If not stated otherwise, we use the following set of parameters for the
event seletion:
cos θcut = 0.965, scut = 0.81, zcut = 0.9, ycut = 0.002, (4.4)
aording to the event-seletion riteria used in the ALEPH analysis [61℄ and employ the
Durham jet algorithm together with the P0 reombination sheme for the reonstrution
of isolated photons (see Setion 1.2.1).
As mentioned in Setion 3.2, we implement a ut suh that the singularity in the
two-jet region is avoided. This ut requires the variables T , ρ, BT, BW , and C to
be greater than 0.005, whereas Y3 and ycut for σ3−jet are required to be greater than
0.00005. In this way the ut inuenes only the rst bin of the respetive distribution.
4.2 Cheks of the alulation
To prove the reliability of our results, we performed the following heks:
• UV niteness is heked through varying the referene sale µ of dimensional
regularisation and nding that our results are independent of this variation.
• IR niteness is veried through varying the innitesimal photon mass mγ and
observing that the sum of the virtual orretions and the soft-photoni orretions
in both the sliing and subtration approah is invariant.
• Mass singularities related to ollinear photon emission or exhange are shown to
anel between the virtual and the subtration endpoint ontributions by varying
the small masses of the external fermions.
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Figure 4.1: Sliing ut dependene of σhad (MZ).
• Two ompletely independent alulations have been performed within our ol-
laboration, one by S. Dittmaier and T. Gehrmann, the other by A. Denner and
C. Kurz. We nd omplete agreement of the results for σhad, jet rates, and
event-shape distributions at the level of the Monte Carlo integration error whih
typially is at the per-mille level. For us, this onstitutes the most important and
onvining hek.
Furthermore, we ompare the results obtained with phase-spae sliing and the sub-
tration method, whih are ompletely independent tehniques. In Fig. 4.1 we show
the mutual agreement of both tehniques for the NLO EW results for σhad, in Fig. 4.2
for the full O(α) results for the three-jet rate with ycut = 0.0006 at
√
s = MZ, and in
Fig. 4.3 for the full O(α) results for the thrust distribution at √s = 206GeV. We nd
that within integration errors the sliing results beome independent of the ut-os for
δs . 10
−3
and δc . 10
−4
and fully agree with the results obtained using the subtration
method. For the sake of larity, we show only urves for values of the sliing parame-
ters that lie on the plateau in Fig. 4.3. For values of the sliing parameters outside the
plateau, the behaviour follows the same pattern as in Figs. 4.1 and 4.2.
It turns out that the subtration method is more eient in terms of run-time
ompared to phase-spae sliing. To obtain the results in Fig. 4.1, we use phase-
spae sliing with 106 events for the virtual orretions and 4× 109 events for the real
orretions, whereas when employing the subtration approah we only use 4×108 events
for the real orretions. In the ase of phase-spae sliing this results in a run-time of
18h on a single CPU, and in the ase of subtration it results in a run-time of 10h on
a single CPU. For the thrust distribution shown in Fig. 4.3, we use phase-spae sliing
with 2×106 events for the virtual orretions and 5×109 events for the real orretions,
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Figure 4.2: Dependene of the three-jet rate on the sliing parameters at
√
s = MZ for ycut = 0.0006.
−20
−18
−16
−14
−12
−10
−8
−6
−4
−2
0 0.06 0.12 0.18 0.24 0.3
d
σ
N
L
O
d
σ
B
o
r
n
−
1[
%
]
1− T
δc = 10
−6
√
s = 206GeV
subtration
δs = 10
−3.5
δs = 10
−4.0
δs = 10
−4.5
−20
−18
−16
−14
−12
−10
−8
−6
−4
−2
0 0.06 0.12 0.18 0.24 0.3
d
σ
N
L
O
d
σ
B
o
r
n
−
1[
%
]
1− T
δs = 10
−4
√
s = 206GeV
subtration
δc = 10
−3
δc = 10
−5
δc = 10
−7
Figure 4.3: Dependene of the dierential thrust distribution on the sliing parameters at
√
s =
206GeV.
4.3. RESULTS FOR THE TOTAL HADRONIC CROSS SECTION 65
whereas when employing the subtration approah we only use 2 × 108 events for the
real orretions. In the ase of phase-spae sliing this results in a run-time of 44h on
a single CPU, and in the ase of subtration it results in a run-time of 23h on a single
CPU. We therefore hoose to use the subtration method in the alulations presented
in the following setions, both for σhad and jet rates and event-shape distributions.
This analysis shows that the bulk of the run-time is used for the alulation of the
real radiation proess and the run-time for the virtual orretions is almost negligible.
4.3 Results for the total hadroni ross setion
In Figure 4.4, we display the total hadroni ross setion σhad inluding NLO ele-
troweak orretions and the relative orretions separately. We use the event seletion
as desribed in Setion 3.2 with the parameters given in Eq. (4.4). For the latter, `weak'
refers to the eletroweak NLO orretions without purely photoni orretions.
For most energies, the eletroweak orretions are sizable and negative, ranging
between −30% at the Z peak and about −10% at energies above and below. The
numerially largest ontribution is always due to ISR. However, above the Z resonane
up to about 110GeV the orretions are positive and of the order of the Born ross
setion due to the well-known radiative-return phenomenon [110℄. It ours only in this
region beause of our hoie of scut and assumes its maximum for
√
s ≈ 100GeV. Below
60GeV and above 120GeV the magnitude of the orretions is inreased due to LL
resummation of ISR, whereas it is dereased in the region in between. The virtual one-
loop weak orretions (from fermioni and massive bosoni loops) yield only a moderate
orretion between −6% and +5% and are always negative for MZ <
√
s < 1TeV.
Table 4.1 shows the Born ontribution to σhad in the rst row, the weak O(α)
ontribution in the seond row, the full O(α) ontribution in the third row, and the full
O(α)+ h.o. LL ontribution in the fourth row for LEPI and LEPII energies, as well
as for
√
s = 500GeV and
√
s = 1000GeV. We show the absolute results in nanobarn
in the rst olumn and the relative orretions in per-ent in the seond olumn. The
numbers in parentheses give the unertainties from Monte Carlo integration in the
last digits of the preditions. From these values we extrat δσ,1 and δσ,LL, as dened in
Eq. (1.34) and Eq. (1.38), whih in turn enter the alulation of normalised event-shape
distributions and jet rates.
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√
s =MZ
dσi−dσBorn
dσBorn
[%]
√
s = 133GeV dσi−dσBorn
dσBorn
[%]
σBornhad / nb 38.2845(15) 0.068858(2)
σweakhad / nb 37.8541(2) −1.1 0.068348(2) −0.7
σNLOhad / nb 25.729(3) −32.8 0.06269(2) −9
σNLO+h.o.LLhad / nb 27.341(3) −28.6 0.06208(2) −9.8
√
s = 161GeV dσi−dσBorn
dσBorn
[%]
√
s = 172GeV dσi−dσBorn
dσBorn
[%]
σBornhad / nb 0.0338283(10) 0.0276993(8)
σweakhad / nb 0.0337575(10) −0.2 0.0276780(8) −0.1
σNLOhad / nb 0.030309(9) −10.4 0.024770(7) −10.6
σNLO+h.o.LLhad / nb 0.030124(9) −11 0.024633(7) −11.1
√
s = 183GeV dσi−dσBorn
dσBorn
[%]
√
s = 189GeV dσi−dσBorn
dσBorn
[%]
σBornhad / nb 0.0232520(7) 0.0213084(6)
σweakhad / nb 0.0232558(7) 0.02 0.0213189(6) 0.02
σNLOhad / nb 0.020766(6) −10.7 0.019020(5) −10.7
σNLO+h.o.LLhad / nb 0.020660(6) −11.1 0.018926(5) −11.2
√
s = 200GeV dσi−dσBorn
dσBorn
[%]
√
s = 206GeV dσi−dσBorn
dσBorn
[%]
σBornhad / nb 0.0183779(5) 0.0170486(5)
σweakhad / nb 0.0183928(5) 0.1 0.0170626(5) 0.1
σNLOhad / nb 0.016390(5) −10.8 0.015197(4) −10.9
σNLO+h.o.LLhad / nb 0.016313(5) −11.2 0.015127(4) −11.3
√
s = 500GeV dσi−dσBorn
dσBorn
[%]
√
s = 1000GeV dσi−dσBorn
dσBorn
[%]
σBornhad / nb 0.00241881(7) 0.00059139(2)
σweakhad / nb 0.00238722(7) −1.3 0.00056838(2) −3.9
σNLOhad / nb 0.0020665(7) −14.6 0.0004856(2) −17.9
σNLO+h.o.LLhad / nb 0.0020585(7) −14.9 0.0004836(2) −18.2
Table 4.1: Total hadroni ross setion σhad (
√
s) for LEPI and LEPII energies, and for
√
s = 500GeV
and
√
s = 1TeV.
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4.4 Results for the event-shape distributions and jet
rates
In the following we present the results of our alulation for the three- and four-jet
rates as well as for event-shape distributions as desribed in Setions 1.2.1 and 1.2.2.
We show our ndings for
√
s = MZ as used at LEPI and the seleted LEPII energies
172GeV and 206GeV. To stress the relevane of our work for future linear olliders,
we also show results for
√
s = 500GeV.
The preise size and shape of the orretions depend on the observable y in question.
However, they share the ommon feature that qq¯γ nal states ontribute only in the
two-jet region, typially for small values of y.
In a rst step, we show our results for the distributions normalised to σ0 for
√
s =MZ
in Figs. 4.5 and 4.6. The Born ontribution is given by the A term of Eq. (1.35),
while the full O(α) orretions ontain the tree-level qq¯γ ontribution δγ and the NLO
eletroweak ontribution δA of Eq. (1.35). The T , ρ, BT, BW , and C distributions
are weighted by the respetive variable y, evaluated at eah bin entre. The relative
orretions in the lower boxes are obtained by dividing the respetive ontributions
to the orretions by the Born distribution given by the A term. We observe large
negative orretions due to ISR, and moderate weak orretions in all distributions.
The orretions are mainly onstant for large y (note that we plot 1− T instead of T ),
where the isolated photon veto rejets all ontributions from qq¯γ nal states. Near the
two-jet limit, the ontribution from qq¯γ nal states dominates the relative orretions.
Moreover, it turns out that the eletromagneti orretions depend non-trivially on
the event-seletion uts (see Setion 4.5 for a more detailed disussion). We observe a
signiant derease from the seond bin to the rst bin in all distributions, aused by
the lower ut-o that we impose individually for all distributions. Sine the ut-o ats
both in the Born and the NLO ontribution, we nd a meaningful result for the relative
orretions in the rst bin. In the Y3 distribution we learly see the onset of the qq¯γ
nal states for Y3 = 0.002. Sine we always luster photons with y < ycut = 0.002 in
the event seletion (see Setion 3.2), the ontribution from qq¯γ nal states is removed
if Y3 > 0.002 and only plays a role for Y3 < 0.002.
In expanding the orretions aording to Eq. (1.36), and retaining only terms up
to LO in αs, we obtain the genuine eletroweak orretions to normalised event-shape
distributions, whih we display at
√
s =MZ in Figs. 4.7 and 4.8. The Born ontribution
is given by the A term of Eq. (1.36), while the O(α) orretions are now given by δEW of
Eq. (1.37). It an be seen very learly that the large ISR orretions anel between the
event-shape distributions and the hadroni ross setion when expanding the normalised
distributions properly, resulting in eletroweak orretions of a few per-ent. Moreover,
eets from ISR resummation are largely redued as well. The purely weak orretions
are below the per-mille level.
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Figure 4.5: The T , ρ, BT, BW distributions normalised to σ0 at
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Figure 4.7: The T , ρ, BT, BW distributions normalised to σhad at
√
s = MZ.
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Figure 4.8: The C and Y3 distributions, as well as the three- and four-jet rates normalised to σhad
at
√
s = MZ.
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For the thrust distribution, the full O(α) orretions are almost onstant around
0.5% for (1 − T ) > 0.05. The oeient δγ starts to emerge for (1 − T ) = 0.04 and
ontributes up to 2.6%. The full O(α) orretions peak for (1 − T ) = 0.02 at 2.5%
and amount to 1.8% for (1− T ) = 0.01 in the rst bin. The maximum of the LO qq¯γ
ontribution in the ρ distribution is given by 2.6% for ρ = 0.01. For ρ > 0.05, the full
O(α) orretions are at and around 0.5%, whereas they reah their maximum of 1.5%
for ρ = 0.02 and drop to 0.8% in the rst bin. The full O(α) orretions of the BT
distribution are around 1% and almost at for BT > 0.05. In the last bin, however, they
amount to 4%. The oeient δγ starts to emerge for BT = 0.04 and ontributes up to
2.5% for BT = 0.01. The full O(α) orretions show a peak of 2.9% at BT = 0.04 and
drop to −1.9% in the rst bin. The maximum of the LO qq¯γ ontribution in the BW
distribution is given by 2.5% for BW = 0.01. For BW > 0.05, the full O(α) orretions
are at and around 0.5%, whereas they reah their maximum of 1% for BW = 0.04
and drop to −3% in the rst bin. For the distribution in C, the full O(α) orretions
are almost onstant around 0.5% for C > 0.1. The oeient δγ starts to emerge for
C = 0.09 and ontributes up to 3.9%. The full O(α) orretions peak for C = 0.1 at
2.9% and amount to −4.1% for C = 0.01 in the rst bin. The maximum of the LO qq¯γ
ontribution in the Y3 distribution is given by 2% for small Y3. For Y3 > 0.002, the full
O(α) orretions are at and around 0.5%, whereas they reah their maximum of 0.9%
for Y3 = 0.002 and drop to −0.6% in the rst bin. The full O(α) orretions to the
three-jet rate are about 0.5% for ycut & 0.002. Beause we use ycut = 0.002 in the event
seletion, qq¯γ nal states ontribute only if ycut . 0.002. The LO qq¯γ ontribution
amounts to 1%. For ycut < 0.002, the full O(α) orretions beome negative, reahing
−1.5% in the rst bin. For ycut . 0.0005 the three-jet rate beomes larger than σhad.
However, higher-order QCD orretions are large and negative [52, 111113℄, suh that
one they are inluded as well, the ratio of σ3−jet to σhad is always less than unity.
In our alulation, the four-jet rate reeives only ontributions from qq¯gγ nal states.
Again, beause of the value of ycut in the event seletion, it is dierent from zero only
for ycut . 0.002. In Ref. [114℄, numerial results for the four-jet rate R4 are presented.
In O (α2α2s ) and for log (ycut) = −3 they nd R4(0.001,MZ) = 0.35. In O (α3αs), we
nd R4(0.001,MZ) = 0.0015, whih is a 0.5% orretion to the LO QCD result.
In Figs. 4.9 and 4.10 we show our results for
√
s = 172GeV. We observe a similar
behaviour as for
√
s =MZ. However, we now observe a peaking struture in the middle
of the distributions. It is loated at 1− T, ρ, BW ≈ 0.2, BT ≈ 0.25, C ≈ 0.65, Y3 ≈ 0.8,
and log10 (ycut) ≈ −1. We investigate this behaviour in greater detail in the next
setion. In all event-shape distributions the LO qq¯γ ontribution ranges between 3%
and 8%. Outside the two-jet region and outside the domain where the peaking struture
is loated, the full O(α) orretions are at between 0.5% and 5%, they peak near the
onset of the qq¯γ nal states between 4% and 10%, and drop in the rst bin down to
between 1.5% and −10%. In the three-jet rate, the full O(α) orretions are almost
onstant and range between 2.5% and 5% for ycut > 0.002. In the region ycut < 0.002,
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Figure 4.9: The T , ρ, BT, BW distributions normalised to σhad at
√
s = 172GeV.
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Figure 4.10: The C and Y3 distributions, as well as the three- and four-jet rates normalised to σhad
at
√
s = 172GeV.
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we nd a negative ontribution of −6% for very small values of ycut.
We now ome to our results for
√
s = 206GeV, whih we show in Figs. 4.11 and
4.12. In all event-shape distributions the LO qq¯γ ontribution ranges between 4% and
9%. Outside the two-jet region and outside the domain where the peaking struture
is loated, the full O(α) orretions are at between 0.1% and 2%, they peak near
the onset of the qq¯γ nal states between 5% and 9%, and drop in the rst bin down
to between 2% and −8%. In the three-jet rate, the full O(α) orretions are almost
onstant and range between 1% and 2% for ycut > 0.002. In the region ycut < 0.002,
we nd a negative ontribution of −5% for very small values of ycut. In Ref. [52℄, the
four-jet rate at
√
s = 206GeV in O (α2α2s ) and for log (ycut) = −3 has been given
as R4(0.001, 206GeV) = 0.2. In O (α3αs), we nd R4(0.001, 206GeV) = 0.01 whih
amounts to a 5% orretion to the LO QCD result. The peaking struture is now
situated at smaller values of y and, espeially for BW, BT, C, and Y3, it extends over
a larger range of y. Additionally, for large values of y, the weak ontribution slightly
inreases.
Finally, in Figs. 4.13 and 4.20 we show our results for
√
s = 500GeV. In the event-
shape distributions the LO qq¯γ ontribution ranges between 2% and 9%. Outside the
two-jet region, the full O(α) orretions are at between 2% and 3%, they peak near
the onset of the qq¯γ nal states between 2% and 9%, and drop in the rst bin down
to between 2% and −6%. In the three-jet rate, the full O(α) orretions are almost
onstant and range between 2% and 3% for ycut > 0.002. In the region ycut < 0.002, we
nd a negative ontribution of −4% for very small values of ycut. The weak orretions
here ontribute up to +1% in all observables for large values of y. The peaking struture
as observed for
√
s = 172GeV and
√
s = 206GeV has ompletely disappeared.
4.5 Eets of the event-seletion uts on the event-
shape distributions
In this setion we disuss the eets of the event-seletion uts, espeially the hard-
photon ut, on the event-shape distributions using thrust as an example. In Figs. 4.9
and 4.10, we see that the relative orretions show a peaking struture for 1 − T ≈
0.2. In the following we investigate how the event-seletion uts inuene this peaking
struture.
We employ a total of three dierent uts in our alulation whih depend on four
parameters:
1) A ut on the prodution angle θ of all partiles, suh that only partiles i with
cos θi < cos θcut are used in the reonstrution of the event-shape variable. By
default, we use the value cos θcut = 0.965.
2) A ut on the visible energy squared of the nal state s′, suh that only events
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Figure 4.11: The T , ρ, BT, BW distributions normalised to σhad at
√
s = 206GeV.
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Figure 4.12: The C and Y3 distributions, as well as the three- and four-jet rates normalised to σhad
at
√
s = 206GeV.
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Figure 4.13: The T , ρ, BT, BW distributions normalised to σhad at
√
s = 500GeV.
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Figure 4.14: The C and Y3 distributions distributions, as well as the three- and four-jet rates nor-
malised to σhad at
√
s = 500GeV.
4.5. EFFECTS OF THE EVENT-SELECTION CUTS ON THE
EVENT-SHAPE DISTRIBUTIONS 81
−0.34
−0.335
−0.33
−0.325
−0.32
−0.315
−0.31
−0.305
0 0.05 0.1 0.15 0.2 0.25 0.3
d
σ
N
L
O
−
d
σ
B
o
r
n
d
σ
B
o
r
n
(1− T )
√
s =MZ, cos θcut = 0.965, zcut = 0.9, ycut = 0.002
scut = 0.60
scut = 0.81
scut = 0.95
−0.33
−0.325
−0.32
−0.315
−0.31
−0.305
−0.3
−0.295
0 0.05 0.1 0.15 0.2 0.25 0.3
d
σ
N
L
O
−
d
σ
B
o
r
n
d
σ
B
o
r
n
(1 − T )
√
s = MZ, scut = 0.81, zcut = 0.9, ycut = 0.002
cos θcut = 0.600
cos θcut = 0.965
cos θcut = 0.999
−0.33
−0.325
−0.32
−0.315
−0.31
−0.305
0 0.05 0.1 0.15 0.2 0.25 0.3
d
σ
N
L
O
−
d
σ
B
o
r
n
d
σ
B
o
r
n
(1− T )
√
s = MZ, scut = 0.81, cos θcut = 0.965, ycut = 0.002
zcut = 0.50
zcut = 0.90
zcut = 0.99
−0.335
−0.33
−0.325
−0.32
−0.315
−0.31
−0.305
−0.3
0 0.05 0.1 0.15 0.2 0.25 0.3
d
σ
N
L
O
−
d
σ
B
o
r
n
d
σ
B
o
r
n
(1 − T )
√
s = MZ, scut = 0.81, cos θcut = 0.965, zcut = 0.9
ycut = 0.0005
ycut = 0.0020
ycut = 0.0100
Figure 4.15: Dependene of the thrust distribution on dierent values of the phase spae uts at√
s =MZ.
with s′/s > scut are aepted. By default, we use the value scut = 0.81.
3) The maximum photon energy in a jet z is restrited to be z < zcut, where the
partiles are lustered aording to the Durham jet algorithm with parameter ycut.
By default, we use the values zcut = 0.9 and ycut = 0.002.
In the following we show the full O(α) orretions to the thrust distribution normalised
to the Born ontribution for
√
s =MZ, 133GeV, 172GeV, 206GeV, and 500GeV. We
plot the results for three dierent values of a single parameter while we set the other
three parameters to their default value. Going from left to right and top to bottom, we
vary scut, cos θcut, zcut, and ycut in Fig. 4.15 for
√
s = MZ. By varying scut we observe
a hange in normalisation of about 1%, while the shape of the distribution stays the
same. Varying cos θcut and zcut leaves the distribution unhanged for 1− T > 0.05. For
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Figure 4.16: Dependene of the thrust distribution on dierent values of the phase spae uts at√
s = 133GeV.
1−T ≤ 0.05 inreasing both parameters auses a larger aeptane of ISR photons that
leads to an inrease of the NLO ontribution of about 2%. By varying ycut, we see that
for larger values of this parameter the ontribution of qq¯γ nal states is extended to a
larger region of 1 − T . While for ycut = 0.0005 this region is given by 1 − T < 0.025,
it is given by 1 − T < 0.075 for ycut = 0.01. For this value of ycut, we an also see a
plateau for 0.025 < 1− T < 0.075. For 1− T < 0.025, the NLO QCD orretions are
large and negative, ausing the steep derease in the rst three bins.
In Fig. 4.16 we show the results for the same proedure as desribed above for√
s = 133GeV. Varying scut from 0.6 to 0.95 only leads to a hange in normalisation
of about 30%, while the shape of the distribution stays the same. Varying cos θcut from
larger to smaller values leads to a steeper derease of the distribution in the region
1 − T < 0.03. This an again be explained through the larger aeptane of ISR
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Figure 4.17: Dependene of the thrust distribution on dierent values of the phase spae uts at√
s = 172GeV.
photons. However, we see that a peaking struture at 1−T ≈ 0.28 emerges, enhaning
the orretions by about 50%. By hanging zcut from 0.5 to 0.99 we see an inrease of
the peak by almost 100%. We also observe that it hanges position from 1− T ≈ 0.28
for zcut = 0.9 to 1 − T ≈ 0.25 for zcut = 0.99. For larger values of ycut we observe an
enhanement of the peak, as well as a slight shift to larger values of 1− T .
In Figs. 4.17 and 4.18 we notie in priniple the same qualitative behaviour for√
s = 172GeV and
√
s = 206GeV. Additionally, we nd that the peaking struture
moves to smaller 1− T with inreasing energy.
For
√
s = 500GeV, the distributions are at for 1− T & 0.05, and show a steeper
derease for 1−T . 0.05 when inreasing the parameters cos θcut, zcut, and ycut, as an
be seen in Fig. 4.19. We do not observe the formation of a peaking struture as for
lower energies, but only a hange in normalisation.
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Figure 4.18: Dependene of the thrust distribution on dierent values of the phase spae uts at√
s = 206GeV.
Through analysing events at the level of the Monte Carlo event generator, we nd
that the enhanement in the region of the peaking struture always stems from qq¯gγ
nal states, where a soft gluon is lustered with a hard photon. Inreasing cos θcut leads
to a logarithmi enhanement of ollinear ISR photons, inreasing zcut generally results
in a larger aeptane of photons inside jets, and inreasing ycut auses more photons to
be lustered together with other partons, resulting in less events with isolated photons
being removed. We an therefore onlude that the peaking struture results from the
ISR photon ontribution, where a soft gluon is lustered together with the photon.
The peaking struture an be explained by the radiative return phenomenon. Sine
we do not remove all energeti photons, it is possible that a hard photon and a soft
gluon are lustered together, suh that the energy fration of the photon in the jet
does not exeed zcut and the invariant mass of the quarkantiquarkgluon system sqq¯g
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Figure 4.19: Dependene of the thrust distribution on dierent values of the phase spae uts at√
s = 500GeV.
is equal to the mass of the Z boson. Suh a onguration leads on the one hand to an
enhanement due to radiative return but also to a logarithmi enhanement due to the
soft gluon.
In the following, we assume that the photon and the gluon are lustered together,
suh that we only have to onsider a three-partile nal state that onsists of a quark,
an antiquark, and a photoni jet. Assume that the quark, antiquark, and the photoni
jet have the three-momenta ~pq, ~pq¯, ~pγ and the energies Eq, Eq¯, Eγ, respetively. From
energy-momentum onservation we know that
~pq + ~pq¯ + ~pγ = 0,
Eq + Eq¯ + Eγ =
√
s. (4.5)
Furthermore, we demand that the invariant mass of the quarkantiquark pair is equal
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to MZ, suh that
sqq¯ = (Eq + Eq¯)
2 − (~pq + ~pq¯)2 = (Eq + Eq¯)2 − (~pγ)2 = (Eq + Eq¯)2 −E2γ =M2Z. (4.6)
Replaing Eq + Eq¯ by x and Eγ by y we nd the system of equations
x2 − y2 = M2Z,
x+ y =
√
s, (4.7)
whih has the solution
x =
s+M2Z
2
√
s
, y =
s−M2Z
2
√
s
. (4.8)
It an be shown that in a three-jet onguration with massless partons, thrust is always
determined by the energy of the most energeti partile Emax [115, 116℄, i.e.
T =
2Emax√
s
. (4.9)
If we now assume that the quark and the antiquark arry the same energy, we an
alulate the energies of all three jets in the nal state at dierent energies. We nd
Eq (133GeV) = Eq¯ (133GeV) ≈ 49GeV, Eγ (133GeV) ≈ 35GeV,
Eq (172GeV) = Eq¯ (172GeV) ≈ 55GeV, Eγ (172GeV) ≈ 62GeV,
Eq (206GeV) = Eq¯ (206GeV) ≈ 61GeV, Eγ (206GeV) ≈ 84GeV,
Eq (500GeV) = Eq¯ (500GeV) ≈ 129GeV, Eγ (500GeV) ≈ 242GeV,
(4.10)
whih leads to the following thrust values where the radiative return phenomena should
appear:
(1− TRR)(
√
s = 133) ≈ 0.27,
(1− TRR)(
√
s = 172) ≈ 0.28,
(1− TRR)(
√
s = 206) ≈ 0.19,
(1− TRR)(
√
s = 500) ≈ 0.03. (4.11)
These values oinide perfetly with the peaks in Figs. 4.164.19. Relaxing the assump-
tion that the quark and the antiquark arry the same energy only leads to a broadening
of the peaking struture. Varying the value of zcut leads to dierent energies of the
photoni jet and therefore hanges the allowed energies in the above analysis. For de-
reasing values of zcut, we therefore either only observe the tail of the peak or ut it
away ompletely whih eetively looks like a shift of the position or the disappear-
ane of the peak. For
√
s = 133GeV we observe the tail of the peak for Eq < Eq,peak
suh that for dereasing zcut the peak seems to move to larger values of (1 − T ). For√
s = 172GeV and
√
s = 206GeV we observe the tail of the peak for Eγ < Eγ,peak suh
that for dereasing zcut the peak seems to move to smaller values of (1− T ).
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Figure 4.20: The thrust distribution inluding the ontribution from qq¯qq¯ nal states for energies
between MZ and 1000GeV.
4.6 Comparison to related work
In Ref. [60℄, another alulation of eletroweak orretions to three-jet observables was
performed, whih diers in two important aspets from the work presented here. First,
the NLO eletroweak orretions to the hadroni ross setion were not taken into
aount, suh that only unnormalised distributions were onsidered. Seond, only the
orretions to qq¯g nal states were onsidered, while qq¯γ nal states at LO and NLO
were not taken into aount. To remove singularities assoiated with infrared gluons
in qq¯γg nal states, event-shape observables were alulated from the reonstruted jet
momenta and not from the parton momenta, as used in experiment and in our work.
Additionally, a lower ut on the energy of eah jet has been imposed whih leads to a
distortion of the shape of the distributions near the two-jet region. From Ref. [60℄ it
is not lear how exatly the event seletion is performed in the alulation of the NLO
orretions. Therefore a diret omparison with the results of Ref. [60℄ is at present not
possible.
Taking are of the dierent renormalisation of α, we do observe, however, in the
distributions normalised to σ0, Figs. 4.5 and 4.6, that the relative size of the O(α) weak
and exat orretions, and of the LL-improved orretions to the thrust distribution
agree at the per-ent level with the results of Ref. [60℄, exept in the region (1− T ) <
0.05, where qq¯γ nal states ontribute and the lower ut on the jet momenta is in eet.
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Chapter 5
Conlusions
We have presented results for the NLO eletroweak orretions to three- and four-
jet prodution and related event-shape observables. In experimental analyses, these
distributions are normalised to the total hadroni ross setion σhad. To onsistently
treat the normalisation in perturbation theory, we have alulated the NLO eletroweak
orretions to σhad as well.
In partiular, we have inluded the NLO eletroweak orretions to the proess
e+e− → qq¯g. Sine photons and hadrons are lustered demoratially, we have also
inorporated the NLO QCD orretions to the proess e+e− → qq¯γ. Both ontributions
are of the order αsα
3
and share the same Bremsstrahlung proess e+e− → qq¯gγ. This
allows us to treat all observables near the two-jet limit and only leaves a singularity
in the endpoint. We have avoided this singularity by imposing a lower ut-o whih
does not inuene the shape of the distribution but only enters in one, typially the
rst, bin of the respetive distribution. For the normalisation, we have alulated
the NLO eletroweak orretions to the proess e+e− → qq¯. The NLO eletroweak
orretions have been omplemented by higher-order initial-state-radiation eets in a
leading-logarithmi struture-funtion approah.
Furthermore, the experimental event-seletion proedure has been modelled as losely
as possible. Speially, we have implemented a ut on the photoni energy in a jet,
whih formally leads to the breakdown of infrared-safety. To restore infrared-safety
we have used the photon fragmentation funtion together with the non-ollinear-safe
subtration and phase-spae-sliing methods. In this ontext we have shown analyti
results for the required integrations over the fration of photoni energy in a jet in
the presene of a ut-o. The photon fragmentation funtion has been translated from
dimensional regularisation to mass-regularisation whih has been used throughout this
thesis.
In addition, we have presented the analytial results for the tree-level and Brems-
strahlungs matrix elements. Together with the standard matrix elements of the virtual
orretions, they have been evaluated using the Weyl-van der Waerden formalism.
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The ingredients desribed above have been implemented in a Monte Carlo program
based on the pakage POLE. The program is exible suh that the user an provide
various event-seletion uts and investigate dierent observables. It has been extensively
tested for internal onsisteny and omparisons with independent programs have been
suessfully arried out.
A numerial study revealed the following results: For energies between 1GeV and
1TeV, the NLO eletroweak orretions to σhad range between −10% and −30% and are
dominated by eletromagneti initial-state-radiation eets. The virtual one-loop weak
orretions only range between −5% and +5%. For √s = MZ, higher-order leading-
logarithmi orretions are of the order of a few per-ent, whereas below and above MZ
they are at the per-mille level.
For
√
s = MZ, we have shown the results for the NLO eletroweak orretions
to event-shape distributions and jet-rates, without taking the normalisation to σhad
into aount. Away from the two-jet region they are usually at and range between
−25% and −32%. Near the two-jet region, qq¯γ nal states ontribute and lead to a
distortion of the shape. Higher-order leading-logarithmi eets and the virtual one-
loop weak orretions are at the per-ent level. Taking the normalisation to σhad into
aount, the large initial-state-radiation orretions anel between the event-shape dis-
tributions and the normalisation to the hadroni ross setion, resulting in eletroweak
orretions between −4% and +4% for √s = MZ and between −10% and +10% for√
s > MZ. Moreover, eets from higher-order leading-logarithmi resummation are
largely redued as well suh that the xed-order orretions oinide with the orre-
tions also inluding higher-order leading-logarithmi eets. The virtual one-loop weak
orretions are typially at the per-mille level and slightly inrease for higher energies.
We have shown that the shape of the orretions strongly depends on the values
of the parameters used in the event seletion. In partiular, we see remnants of the
radiative-return phenomenon that was believed to be exluded due to the spei hoie
of the event-seletion parameters. We have estimated where this phenomenon appears,
using the thrust distribution as an example, and have shown how it depends on the
event-seletion parameters.
Data on event-shape distributions and jet ross setions have been orreted for pho-
toni radiation eets modelled by standard leading-logarithmi parton-shower Monte
Carlo programs. They an thus not be ompared diretly with the NLO eletroweak
orretions omputed here. Inorporation of these orretions requires a more profound
reanalysis of LEP data, in order to quantify the impat of the NLO eletroweak orre-
tions on preision QCD studies, suh as the preise extration of the strong oupling
onstant.
For future experiments, it is mandatory to dene an infrared-safe event seletion,
suh that higher-order perturbative theoretial preditions an be used in the analysis
of experimental data.
Appendix A
Evaluation of Matrix Elements and
Analytial Results
In order to alulate the SMEs introdued in Chapter 2 as well as to ompute the real
orretions to the proess at hand in an eient manner, we employ the Weylvan der
Waerden (WvdW) formalism as presented in Ref. [86℄.
A.1 Weylvan der Waerden formalism
In the WvdW formalism one redues all mathematial objets belonging to higher-
dimensional representations of the Lorentz group to the two-dimensional irreduible
representations D
(
1
2
, 0
)
and D
(
0, 1
2
)
. We dene the two-dimensional ovariant spinor
ψA and ontravariant spinor ψ
A˙
whih transform aording to the above mentioned
representations. Using omplex onjugation and a similarity transformation mediated
by the 2× 2 antisymmetri matrix ǫ
ǫAB = ǫA˙B˙ = ǫAB = ǫA˙B˙ =
(
0 +1
−1 0
)
, (A.1)
we an relate the spinors belonging to the two representations by
ψA˙ = (ψA)
∗ , ψA =
(
ψA˙
)∗
, (A.2)
and
ψA = ǫABψB, ψ
A˙ = ǫA˙B˙ψB˙, ψA = ψ
BǫBA, ψA˙ = ψ
B˙ǫB˙A˙. (A.3)
The matrix ǫ also indues a spinor metri, whih an be employed to dene a Lorentz-
invariant antisymmetri spinor produt through
〈φψ〉 = φAψA = φ1ψ2 − φ2ψ1, 〈φψ〉∗ = φA˙ψA˙ = (φ1ψ2 − φ2ψ1)∗ , (A.4)
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〈φψ〉 = −〈ψφ〉, 〈φφ〉 = 0. (A.5)
In analogy to the Shouten identity Eq. (2.16) in four dimensions, there annot exist a
two-dimensional antisymmetri tensor with rank higher than two in spinor spae, whih
leads to the equation
ǫABǫCD + ǫACǫDB + ǫADǫBC = 0, (A.6)
resulting in the identity for spinors
〈φψ〉〈ξη〉+ 〈φξ〉〈ηψ〉+ 〈φη〉〈ψξ〉 = 0. (A.7)
Throughout our alulation we need four-vetors, Dira spinors, and polarisation vetors
of massless partiles. In the following we desribe how one an express the above objets
in terms of WvdW spinors.
Let us start with a usual four-vetor kµ = (k0,k), whih belongs to the D
(
1
2
, 1
2
)
representation of the Lorentz group. Using the matries
σµ,A˙B =
(
σ0, σ
)
, σµ
AB˙
=
(
σ0,−σ) , (A.8)
where σ0 is the 2 × 2 unit matrix and σa the Pauli matries, we an relate kµ to the
2× 2 matrix
KA˙B = k
µσµ,A˙B =
(
k0 + k3 k1 + ik2
k1 − ik2 k0 − k3
)
. (A.9)
The identities Eq. (A.3) also hold for KA˙B. If the omponents of k
µ
are real, KA˙B is
Hermitian. In this ase we an nd its eigenvalues λi and write
KA˙B =
∑
i=1,2
ki,A˙ki,B, (A.10)
with
k1,A =
√
λ1
(
e−iφ cos θ
2
sin θ
2
)
, k2,A =
√
λ2
(
sin θ
2
−e+iφ cos θ
2
)
, (A.11)
where θ and φ denote the polar and azimuthal angles of the eulidean vetor k. For a
light-like vetor kµ with k2 = 0, one of the eigenvetors vanishes and there remains just
one momentum spinor k1.
We now turn to fermioni wave funtions, whih transform aording to the repre-
sentation D
(
1
2
, 0
)⊕D (0, 1
2
)
of the Lorentz group and an thus be written as
Ψ =
(
φA
ψA˙
)
. (A.12)
The behaviour of fermioni spinors is governed by the Dira equation
(i6∂ −m)Ψ = 0, (A.13)
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where m denotes the mass of the fermion under onsideration and the Dira matries
γµ in the hiral representation are given by
γµ =
(
0 σµ
AB˙
σµ,A˙B 0
)
, γ5 = iγ1γ1γ2γ3 =
(
σ0 0
0 −σ0
)
. (A.14)
The plane-wave solutions of this equation are of the form
Ψ± = e∓ikxΨ±k , k
2 = m2. (A.15)
The omponents Ψ±k are solutions of the Weyl equations, a system of oupled dierential
equations, and read
Ψ±k,1 =
(
k1,A
∓kA˙2
)
, Ψ±k,2 =
( ±k2,A
kA˙1
)
, (A.16)
whereas the adjoint spinors Ψ = Ψ†γ0 are given by
Ψ
±
k,1 =
(∓kA2 , k1,A˙) , Ψ±k,2 = (kA1 ,±k2,A˙) . (A.17)
In the speial ase of massless spinors, Eqs. (A.16) and (A.17) simplify to
Ψ±k,1 =
(
kA
0
)
, Ψ±k,2 =
(
0
kA˙
)
,
Ψ
±
k,1 = (0, kA˙) , Ψ
±
k,2 =
(
kA, 0
)
. (A.18)
The last objets we need in our alulation are polarisation vetors. In ontrast to
an ordinary four-vetor, polarisation vetors need not have real omponents and are
therefore not Hermitian. Thus, we annot treat them aording to Eqs. (A.10) and
(A.11).
The proedure to derive the form of the polarisation vetors of spin-1 partiles in
the WvdW formalism is similar to the ase of Dira fermions, using instead of the Dira
equation the Proa equation. We therefore display only the results for massless spin-1
partiles, whih we enounter in our alulation. The polarisation vetors ǫµ± read
ǫ+,A˙B (k) =
√
2g+,A˙kB
〈g+k〉∗ , ǫ−,A˙B (k) =
√
2kA˙g−,B
〈g−k〉 ,
ǫ∗
+,A˙B
(k) =
√
2kA˙g+,B
〈g+k〉 , ǫ
∗
−,A˙B (k) =
√
2g−,A˙kB
〈g−k〉∗ , (A.19)
where g±,A denotes arbitrary gauge spinors, whih reet the freedom to hoose a gauge
for the polarisation vetor. Physial observables do not depend on the gauge spinor,
therefore their variation an be used to hek the gauge independene of the amplitude.
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A.2 Analytial results for the tree-level amplitude
In this setion we give the analytial results for the amplitudes ontributing to the Born
proesses using the tehniques desribed in Setion A.1. Fermion masses are set to zero
everywhere.
The orresponding Feynman diagrams are shown in Figs. 2.12.3. We use the generi
ouplings of the Z boson and the photon to the fermions given by
g±γf = −Qf , g+Zf = −
sw
cw
Qf , g
−
Zf = −
sw
cw
Qf +
Iw,f
cwsw
, (A.20)
where cw and sw are the sine and osine of the weak mixing angle respetively, Qf is
the relative eletromagneti harge of the fermion f , and Iw,f = ±12 is the weak isospin
of the left-handed part of the fermion eld f . The eletroweak Standard Model does
not onserve parity, but we an nd a relation whih onnets amplitudes with opposite
heliity ongurations and additionally involves the interhange of the hiral ouplings:
M (−σ,−σ′,−λ) =M (σ, σ′, λ)∗ |(g±...)∗↔g∓...
MV→M∗V
. (A.21)
We deompose the matrix elements M aording to the boson in the s hannel,
M (σ, σ′, λ) = 2
√
2 e2gs
∑
V=γ,Z
A
(V )
λ (σ, σ
′) , (A.22)
where gs is the strong oupling onstant and the funtion A
(V )
λ is a generi funtion for
the exhange of a vetor boson V .
For the proess in Eq. (2.2) we nd
M (σ, σ′) = 2 e
2[
(k1 + k2)
2 −M2V
]{g+V eg+V q〈k1k4〉〈k2k3〉∗ + g+V eg−V q〈k1k3〉〈k2k4〉∗
+ g−V eg
+
V q〈k2k4〉〈k1k3〉∗ + g−V eg−V q〈k2k3〉〈k1k4〉∗
}
.
(A.23)
Sine there is no photon in the nal state, there is also no dependene on the heliity
λ in Eq. (A.22).
The amplitude for the proess in Eq. (2.3) is given by
A
(V )
+ = =
1[
(k1 + k2)
2 −M2V
] 〈k3k5〉〈k4k5〉
{
− g+V eg+V q
[〈k1k4〉2〈k1k2〉∗]+ g+V eg−V q [〈k1k3〉2〈k1k2〉∗]
+ g−V eg
+
V q
[〈k2k4〉2〈k1k2〉∗]− g−V eg−V q [〈k2k3〉2〈k1k2〉∗] }. (A.24)
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The amplitude for λ = −1 an be obtained using Eq. (A.21).
Finally for the third proess in Eq. (2.4) we nd
A
(V )
+ =
Qq[
(k1 + k2)
2 −M2V
] 〈k3k5〉〈k4k5〉
{
− g+V eg+V q
[〈k1k4〉2〈k1k2〉∗]+ g+V eg−V q [〈k1k3〉2〈k1k2〉∗]
+ g−V eg
+
V q
[〈k2k4〉2〈k1k2〉∗]− g−V eg−V q [〈k2k3〉2〈k1k2〉∗] }
+
1[
(k1 + k2 − k5)2 −M2V
] 〈k1k5〉〈k3k5〉
{
g+V eg
+
V q〈k1k4〉2〈k3k4〉∗ − g+V eg−V q〈k1k3〉2〈k3k4〉∗
− g−V eg+V q〈k2k4〉2〈k3k4〉∗ + g−V eg−V q〈k2k3〉2〈k3k4〉∗
}
. (A.25)
The amplitude for λ = −1 an be obtained using Eq. (A.21).
A.3 Analytial results for the real-radiation ampli-
tudes
We now turn to the real-radiation amplitude indued by the radiation of a real photon,
whih is given by the proess in Eq. (2.34). The ontributing Feynman diagrams are
shown in Fig. A.1. We again deompose the matrix elementsM aording to the boson
in the s hannel,
M (σ, σ′, λ1, λ2) = 1
4
e3gs
∑
V=γ,Z
A
(V )
λ1λ2
(σ, σ′) , (A.26)
with
A
(V )
++ =
〈k3k4〉Qq[
(k1 + k2)
2 −M2V
] 〈k3k5〉〈k3k6〉〈k4k5〉〈k4k6〉
{
− g+V eg+V q〈k1k4〉2〈k3k4〉〈k1k2〉∗ + g+V eg−V q〈k1k3〉2〈k3k4〉〈k1k2〉∗
+ g−V eg
+
V q〈k2k4〉2〈k3k4〉〈k1k2〉∗ − g−V eg−V q〈k2k3〉2〈k3k4〉〈k1k2〉∗
}
+
〈k3k4〉[
(k1 + k2 − k6)2 −M2V
] 〈k1k6〉〈k2k6〉〈k3k5〉〈k4k5〉
{
g+V eg
+
V q
[
〈k1k4〉 (〈k1k2〉 (〈k4k5〉〈k2k5〉∗ − 〈k3k4〉〈k2k3〉∗)
+〈k1k6〉 (〈k4k5〉〈k5k6〉∗ − 〈k3k4〉〈k3k6〉∗))
]
− g+V eg−V q
[
〈k1k3〉 (〈k1k2〉 (〈k3k4〉〈k2k4〉∗ + 〈k3k5〉〈k2k5〉∗)
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Figure A.1: Feynman diagrams for e+e− → qq¯gγ.
+〈k1k6〉 (〈k3k4〉〈k4k6〉∗ + 〈k3k5〉〈k5k6〉∗))
]
+ g−V eg
+
V q
[
〈k2k4〉 (〈k1k2〉 (〈k4k5〉〈k1k5〉∗ − 〈k3k4〉〈k1k3〉∗)
+〈k2k6〉 (〈k3k4〉〈k3k6〉∗ − 〈k4k5〉〈k5k6〉∗))
]
+ g−V eg
−
V q
[
〈k2k6〉 (〈k3k4〉〈k4k6〉∗ + 〈k3k5〉〈k5k6〉∗))
−〈k2k3〉 (〈k1k2〉 (〈k3k4〉〈k1k4〉∗ + 〈k3k5〉〈k1k5〉∗)
]}
(A.27)
and
A
(V )
+− =
Qq[
(k1 + k2)
2 −M2V
]
{
g+V eg
+
V q
[〈k1k4〉〈k3k4〉〈k2k3〉∗〈k3k4〉∗ − 〈k1k6〉〈k4k5〉〈k2k5〉∗〈k3k6〉∗
〈k3k5〉〈k4k5〉〈k3k6〉∗〈k4k6〉∗
+
〈k1k4〉〈k3k6〉〈k2k3〉∗〈k4k5〉∗
s356〈k3k5〉〈k4k6〉∗ −
〈k1k4〉〈k2k5〉∗〈k3k4〉∗〈k3k5〉∗
s356〈k3k6〉∗〈k4k6〉∗
+
〈k1k4〉〈k5k6〉〈k2k5〉∗〈k4k5〉∗
s356〈k3k5〉〈k4k6〉∗ −
〈k1k4〉〈k3k6〉〈k2k6〉∗〈k3k4〉∗〈k3k5〉∗
s356〈k3k5〉〈k3k6〉∗〈k4k6〉∗
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+
〈k1k6〉〈k3k4〉〈k4k6〉〈k2k3〉∗
s456〈k3k5〉〈k4k5〉 +
〈k1k4〉〈k3k6〉〈k2k3〉∗〈k4k5〉∗
s456〈k3k5〉〈k4k6〉∗
+
〈k1k5〉〈k3k4〉〈k4k6〉〈k2k3〉∗〈k4k5〉∗
s456〈k3k5〉〈k4k5〉〈k4k6〉∗ −
〈k1k6〉〈k3k6〉〈k2k3〉∗〈k5k6〉∗
s456〈k3k5〉〈k4k6〉∗
]
+ g+V eg
−
V q
[〈k1k3〉(〈k4k6〉〈k2k4〉∗ + 〈k5k6〉〈k2k5〉∗)〈k4k5〉∗
s456〈k4k5〉〈k4k6〉∗
+
〈k3k6〉〈k2k4〉∗(〈k1k3〉〈k3k5〉∗ − 〈k1k6〉〈k5k6〉∗)
s356〈k3k5〉〈k3k6〉∗
+
(〈k3k4〉〈k2k4〉∗ + 〈k3k5〉〈k2k5〉∗)(〈k1k3〉〈k3k4〉∗ − 〈k1k6〉〈k4k6〉∗)
〈k3k5〉〈k4k5〉〈k3k6〉∗〈k4k6〉∗
]
+ g−V eg
+
V q
[〈k2k4〉〈k3k4〉〈k1k3〉∗〈k3k4〉∗ − 〈k2k6〉〈k1k5〉∗〈k4k5〉〈k3k6〉∗
〈k3k5〉〈k4k5〉〈k3k6〉∗〈k4k6〉∗
+
〈k2k4〉〈k1k5〉∗〈k3k4〉∗〈k3k5〉∗
s356〈k3k6〉∗〈k4k6〉∗ −
〈k2k4〉〈k3k6〉〈k1k6〉∗〈k3k4〉∗〈k3k5〉∗
s356〈k3k5〉〈k3k6〉∗〈k4k6〉∗
+
〈k2k4〉〈k3k6〉〈k1k3〉∗〈k4k5〉∗
s356〈k3k5〉〈k4k6〉∗ +
〈k2k4〉〈k5k6〉〈k1k5〉∗〈k4k5〉∗
s356〈k3k5〉〈k4k6〉∗
+
〈k2k6〉〈k3k4〉〈k4k6〉〈k1k3〉∗
s456〈k3k5〉〈k4k5〉 +
〈k2k4〉〈k3k6〉〈k1k3〉∗〈k4k5〉∗
s456〈k3k5〉〈k4k6〉∗
+
〈k2k5〉〈k3k4〉〈k4k6〉〈k1k3〉∗〈k4k5〉∗
s456〈k3k5〉〈k4k5〉〈k4k6〉∗ −
〈k2k6〉〈k3k6〉〈k1k3〉∗〈k5k6〉∗
s456〈k3k5〉〈k4k6〉∗
]
+ g−V eg
−
V q
[〈k2k3〉(〈k4k6〉〈k1k4〉∗ + 〈k5k6〉〈k1k5〉∗)〈k4k5〉∗
s456〈k4k5〉〈k4k6〉∗
+
〈k3k6〉〈k1k4〉∗(〈k2k3〉〈k3k5〉∗ − 〈k2k6〉〈k5k6〉∗)
s356〈k3k5〉〈k3k6〉∗
+
(〈k3k4〉〈k1k4〉∗ + 〈k3k5〉〈k1k5〉∗)(〈k2k3〉〈k3k4〉∗ − 〈k2k6〉〈k4k6〉∗)
〈k3k5〉〈k4k5〉〈k3k6〉∗〈k4k6〉∗
]}
+
〈k3k4〉[
(k1 + k2 − k6)2 −M2V
] 〈k3k5〉〈k4k5〉〈k1k6〉∗〈k2k6〉∗
{
g+V eg
+
V q
[
(〈k4k5〉〈k2k5〉∗ − 〈k3k4〉〈k2k3〉∗)(〈k4k6〉〈k2k6〉∗ − 〈k1k4〉〈k1k2〉∗)
]
+ g+V eg
−
V q
[
(〈k3k4〉〈k2k4〉∗ + 〈k3k5〉〈k2k5〉∗)(〈k3k6〉〈k2k6〉∗ − 〈k1k3〉〈k1k2〉∗)
]
+ g−V eg
+
V q
[
(−〈k3k4〉〈k1k3〉∗ + 〈k4k5〉〈k1k5〉∗)(〈k2k4〉〈k1k2〉∗ + 〈k4k6〉〈k1k6〉∗)
]
− g−V eg−V q
[
(〈k3k4〉〈k1k4〉∗ + 〈k3k5〉〈k1k5〉∗)(〈k2k3〉〈k1k2〉∗ + 〈k3k6〉〈k1k6〉∗)
]}
,
(A.28)
98
APPENDIX A. EVALUATION OF MATRIX ELEMENTS AND
ANALYTICAL RESULTS
where sijk = 〈kikj〉〈kikj〉∗ + 〈kikk〉〈kikk〉∗ + 〈kjkk〉〈kjkk〉∗.
The amplitudes A
(V )
−− and A
(V )
−+ an be obtained from
M (−σ,−σ′,−λ1,−λ2) =M (σ, σ′, λ1, λ2)∗ |(g±...)∗↔g∓...
MV→M∗V
. (A.29)
Again, in this setion we set all masses of the external fermions to zero, and nite-mass
eets are treated in Setion 2.3.
A.4 The standard strutures of the one-loop ampli-
tude in the WvdW formalism
We now want to give the expressions Eq. (2.30) and Eq. (2.23) in the WvdW formalism.
The ǫ-Tensor in the spinor alulus reads
ǫµνρκ =
i
4
(
σµ
A˙B
σν,BC˙σκ
C˙D
σρ,DA˙ − σµ
A˙B
σρ,BC˙σκ
C˙D
σν,DA˙
)
, (A.30)
and we an therefore write
A++−+i j k l =
1
2
〈kikj〉〈kkkl〉〈kikk〉∗〈kjkl〉∗,
A+−++i j k l =
1
2
〈kikl〉〈kkkj〉〈kikj〉∗〈kkkl〉∗,
A−+++i j k l =
1
2
〈kikk〉〈kjkl〉〈kikl〉∗〈kjkk〉∗,
Aa b c−i j k l = (A
a b c+
i j k l )
∗. (A.31)
The standard strutures read
(kikj) =
1
2
〈kikj〉〈kikj〉∗,(
(ǫ∗)+ki
)
=
〈kik2〉〈kik5〉∗√
2〈k2k5〉
,
(
(ǫ∗)−ki
)
=
〈kik5〉〈kik2〉∗√
2〈k2k5〉∗
,
[
6kl
]−
ij
= 〈klki〉〈klkj〉∗ ,
[
6kl
]+
ij
= 〈klki〉∗〈klkj〉,[
( 6ǫ∗)+
]+
ij
=
√
2〈kik2〉〈kjk5〉∗
〈k2k5〉 ,
[
( 6ǫ∗)+
]−
ij
=
√
2〈kjk2〉〈kik5〉∗
〈k2k5〉 ,[
( 6ǫ∗)−
]+
ij
=
√
2〈kik5〉〈kjk2〉∗
〈k2k5〉∗ ,
[
( 6ǫ∗)−
]−
ij
=
√
2〈kjk5〉〈kik2〉∗
〈k2k5〉∗ ,
(A.32)
where we hose the gauge spinor parallel to k2.
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